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A BLOW-UP CRITERIA AND THE EXISTENCE OF 2D GRAVITY 
WATER WAVES WITH ANGLED CRESTS 

SIJUE WU 


Abstract. We consider the two dimensional gravity water wave equation in the regime 
that includes free surfaces with angled crests. We assume that the fluid is inviscid, 
incompressible and irrotational, the air density is zero, and we neglect the surface tension. 
In |21| it was shown that in this regime, only a degenerate Taylor inequality — > 0 

holds, with degeneracy at the singularities; an energy functional (H was constructed and 
an aprori estimate was proved. In this paper we show that a (generalized) solution of 
the water wave equation with smooth data will remain smooth so long as (B(t) remains 
finite; and for any data satisfying ^(0) < cxd, the equation is solvable locally in time, for 
a period depending only on €(0). 


1. Introduction 


( 1 . 1 ) 


A class of water wave problems concerns the motion of the interface separating an inviscid, 
incompressible, irrotational fluid, under the influence of gravity, from a region of zero density 
(i.e. air) in n-dimensional space. It is assumed that the fluid region is below the air region. 
Assume that the density of the fluid is 1, the gravitational field is —k, where k is the unit 
vector pointing in the upward vertical direction, and at time t > 0, the free interface is E(t), 
and the fluid occupies region n(t). When surface tension is zero, the motion of the fluid is 
described by 

Vt + V • Vv = —k — VP on n(t), t >0, 
divv = 0, curlv = 0, on t > 0, 

P = 0, on S(t) 

(l,v) is tangent to the free surface (t, E(t)), 
where v is the fluid velocity, P is the fluid pressure. There is an important condition for 
these problems: 

dP 

point-wise on the interface, where n is the outward unit normal to the interface E(t) |29j . 
It is well known that when surface tension is neglected and the Taylor sign condition 
fails, the water wave motion can be subject to the Taylor instability [mil]. In [301131], 
we showed that for dimensions n > 2, the strong Taylor stability criterion 

dP 

- ^ > Co > 0 (1.3) 

always holds for the infinite depth water wave problem (HI), as long as the interface is 
non-self-intersecting and smooth; and the initial value problem of the water wave system 
(HI) is uniquely solvable locally in time in Sobolev spaces R®, s > 4 for arbitrary given 
data. Earlier work include Nalimov [25], Yosihara [36] and Craig [12] on local existence and 
uniqueness for small and smooth data for the 2d water wave equation H]). There have 
been much work recently, local wellposedness for water waves with additional effects such as 
surface tension, bottom and vorticity have been proved, c. f. [I[8l[9||l2l|2l[2l|2i[27l|32]; 
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local wellposedness of (HID in low regularity Sobolev spaces where the interfaces are in 
has been obtained, c.f. mm- In all of these work, the strong Taylor stability criterion m 
is assume dQ In addition, in the last few years, almost global and global wellposedness for 
the water wave equation (HID in both two and three dimensional spaces for small, smooth 
and localized initial data have been proved, c. f. [saiMllHllTllla]. 

In [21], we studied the 2d water wave equation HID in the regime that includes free 
interfaces with angled crests. We constructed an energy functional €{t) in this framework 
and proved an a priori estimate. In this paper we introduce a notion of generalized solutions 
of (|l.ll) ~ a generalized solution is classical provided the interface is non-self-intersecting0 
we prove a blow-up criteria that states that for smooth initial data, a unique generalized 
solution of the 2d water wave equation exists and remains smooth so long as (£(t) remains 
finite; and we show that for data satisfying £(0) < oo, a generalized solution of the 2d 
water wave equation HID exists for a time period depending only on (£(0); if in addition the 
initial interface is chord-arc^ there is a T > 0, depending only on £(0) and the chord-arc 
constant, so that the interface remains chord-arc and a classical solution of the 2d water 
wave equation HID exists for time t G [0,T]. The (generalized) solution is constructed by 
mollifying the initial data and by showing that the sequence of (generalized) solutions for 
the mollihed data converges to a (generalized) solution for the given data. 

The rest of the paper is organized as follows: in section [51 we state and refine the earlier 
results this paper is built upon, this includes the local wellposedness result for Sobolev data 
in |30j , and the energy functional £ constructed and the a priori estimate proved in |21j , in 
the context of generalized solutions; the notion of generalized solutions will be introduced 
in i i2.2l and i i2.31 In section [3] we present the main results: a blow-up criteria via the energy 
functional and the local existence of water waves with angled crests. We prove the blow-up 
criteria in sections H and the local existence in section 0 The majority of the notation are 
introduced in a with the rest throughout the paper. Some basic preparatory results in 
analysis are given in Appendix |3 various identities that are useful for the paper are derived 
in Appendix IH Finally in Appendix jC] we list the quantities which have been shown in [21j 
are controlled by (£. 


2. Preliminaries 

2.1. Notation and convention. We consider solutions of the water wave equation HID 
in the setting where the fluid domain Q{t) is simply connected, with the free interface 
S(t) := dfl{t) a Jordan curve0 

v(z,t) —>• 0, as \z\ —)• 00 

and the interface Sl(t) tending to horizontal lines at infinity!! 

We use the following notations and conventions: [A, B] := AB — BA is the commu¬ 
tator of operators A and B. H^(R) is the Sobolev space with norm ||/||//o := (/(I + 

is the Sobolev space with norm ||/||^i /2 := (f 
LP = LP{R) is the Lp space with ||/||lp := (/ \f{x)\Pdxy/P for 1 < p < oo and ||/|| l °° := 
ess sup |/(a;)|. We write f{t) := with ||/(t)||_fr'! being the Sobolev norm, ||/(t)||LP 

being the LP norm of /(t) in the spatial variable. When not specified, all the iJ® and LP 
norms are in terms of the spatial variables. Compositions are always in terms of the spatial 
variables and we write for / = /(^t), g = /(5('A)A) := f ° gi’A) ■= Ugf{-A)- We 

^When there is surface tension, or vorticity, or a bottom, (11.311 doesn’t always hold. 

^By non-self-intersecting we mean it is a Jordan curve. 

3a curve is chord-arc if the arc-length and the chord length between any two points on the curve are 
comparable. 

■^That is, E(t) is homeomorphic to the line R. 

^The problem with velocity ^{z, t) —>• (c, 0) as ^ oo can be reduced to the one with v —>• 0 at infinity 
by studying the solutions in a moving frame. S(t) may tend to two different lines at -|-oo and —oo. 
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identify (x, y) with the complex number x + iy\ Re z, Im z are the real and imaginary parts 
of z; z = Rez — ilmz is the complex conjugate of z. is the closure of the domain dO. 
is the boundary of P_ := {z € C : Imz < 0} is the lower half plane. We write 

:= 1 / (/W-/fa))toW-»(i,)) „ 

ni J [x- yY 

We use c, C to denote universal constants and c(a, &), C{a), M{a) etc. to denote constants 
that depends on a, h and respectively a etc. Constants appearing in different contexts need 
not be the same. We write f Y: 9 there is a universal constant c, such that / < eg. RHS, 
LHS are the short codes for the ’’right hand side” and the ’’left hand side”. 


2.2. The equation for the free surface in Lagrangian and Riemann mapping 
variables. Let the free interface E(t) : z = z{a,t), a S K be given by Lagrangian pa¬ 
rameter a, so Zt{a,t) = '^(.z{a,t)',t) is the velocity of the fluid particles on the interface, 
Ztt{o:,t) = Vt -b (v • V)v(z(a, <); t) is the acceleration; notice that P = 0 on T,{t) implies 
that VP is normal to S(t), therefore VP = —iaza, where 


1 dP 
|za| dn’ 


( 2 . 2 ) 


and the first and third equation of gives 


ztti = iaza- (2.3) 

The second equation of (inj: div V = curl v = 0 implies that v is holomorphic in the 
fluid domain hence Zt is the boundary value of a holomorphic function in By 

Proposition lA.ll the second equation of (11.11) is equivalent to Jt = , where is the 

Hilbert transform associated with the fluid domain H(t). So the motion of the fluid interface 
S(t) : z = z{a, t) is given by 

iztt + i = iaZa 

\zt = S)zt. 

(12.41) is a fully nonlinear equation. In |30j , Riemann mapping was introduced to analyze the 
quasi-linear structure of (12.41) . 

Let 4)(-,t) : H(t) —>• P_ be the Riemann mapping taking 0(t) to the closure of the lower 
half plane P_, satisfying limz_>.oo ^z{z,t) = 1- Let 


h{a,t) ■= ^{z{a,t),t)j (2-5) 

so h : R —>■ K is a homeomorphism. Let h~^ be defined by 

h{h~^{a'= ct', a'e K; 


and 


Z{a',t) := z o h Zt{a'Y) := zt o h Ztt{a',t) := ztt o h (2.6) 

be the reparametrization of the position, velocity and acceleration of the interface in the 
Riemann mapping variable a'. Let 

Z^a'{a',t) := da'Z{a',t), Zt,a'{a',t) := da'Zt{a',t), Ztt,a'{a',t) := da'Ztt{a',t), (2.7) 

etc. We note that = Z{a',t), so (di”^)^/(a',<) = Z^a'{a',t), and by Proposi¬ 

tion |VT1 

Z„--1=H(Z„--1), ^-l=H(^-l). (2.8) 
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Observe that vo$“i : P_ —)• C is holomorphic in the lower half plane P_ with (a', t) = 

Zt{a',t). Precomposing (12.31) with h~^ and applying Proposition lA.ll to vo$“i on P_ gives 
the free surface equation in the Riemann mapping variable: 

Ztt + i = iAZ^ai 

Zt = 'azt 

where Ao h = aha and H is the Hilbert transform associated with the lower half plane P-: 

H/(a') = -pv. [ ^1—/(/3')d/3'. 

TTi J a' — p' 

From the chain rule, we know for / = UpdtUhf = (9* + bda')f where 

b := ht o h~^-, 

so Ztt = {dt + bda')Zt = {dt + bda')^Z. Let Ai := AjZ^a'I^- Multiply Z^a' to the first 
equation of (12.91) yields 

Z^a'(Ztt A ^) = iAi- (2-10) 

In [3D], it was shown that systems dni), (HH) cinci (|2.9p - (j2.8p with 6, Ai giv6ii by (|2.18p , 
f|2.19p are equivalent in the regime of nonself-intersecting interfaces 2 : = z(-, 1)0 

However the system (I2.9I) - (I2.8I) is well defined even if Z = Z(-,t) is self-intersecting. In 
constructing the approximating sequence of solutions from the mollified data, it is convenient 
to allow self-intersecting solutions of (I2.9l) - (l2.8p . In this context, Z and z, Zt, Zt etc. are 
related via (EH) and (|2.7I) through a homeomorphism h = : M —>■ R, and from (12.91) - 

(12.81) we can show that h, Ai satisfy (I2.18l) - (l2.19p . see Appendix IB. II For not necessarily 
non-self-intersecting solutions Z of (I2.9I) - (|2.8I) we will abuse terminologies by continue saying 
Z, Zt etc. are in the Riemann mapping variable, z, Zt etc. are in the Lagrangian coordinates, 
Z, Zt, Ztt are the interface, velocity and acceleration. 

Let’s consider the solution of (I2.9I) - (I2.8I) in the ’’fluid domain” 0 


2.3. Generalized solutions of the water wave equation. 0 Let Z = Z(-, t) be a solution 
of (|2.9p - p.8p . let F(-,t) : P_ —C, '!'(•, t) : P- —J- C be holomorphic functions, continuous 
on P_, such that 


F{a',t) = Zt{a',t), ,t) = Z{a',t), 'Sz'{a',t) = Z^a'ia'A). 


By (IB.4P of Appendix IB . 1 1 and (12.111) . 


7 7—1 

ht o n = 


Zt P 

Z,a' ~ ^z' 


( 2 . 11 ) 


( 2 . 12 ) 


Now zt(a,t) = Zt(h(a,t)A) = F(h(a,t),t), so 


Ztt = Ft o h + Fz' o hht = Uh{Ft - -pFz' + - —P^'} 

'ifz' 

therefore Ztt is the trace of the function Ft — -^Pz' + -^Pz' on 9P_; Z^a'(Ztt — i) is then 
the trace of the function z'Ft — '^tFz' + FFz' — z’ on 9P_. By (I2.10p . 

■^z'Ft--^tFz'+FFz'-i-^z'=iAi, ondP-. (2.13) 


®When S(t) : Z = becomes self-intersecting, it is not physical to assume P = 0 on S(t). So in 

general we do not consider beyond the regime of non-self-intersecting interfaces. 

^It makes sense to talk about fluid domain only when Z = Z{-,t) is non-self-intersecting. Here we just 
abuse the terminology. 

®Here and in ^2.2l we give a generic discussion. The statements are rigorous if the quantities involved are 
sufficiently regular. 
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On the left hand side of (j2.13L — 'i’tFzi — i'i’z' is holomorphic on P_, while FFz' = 

dz'{FF); we recall from complex analysis, dz' = \{dxi — idyi). So there is a real valued 
function tp : P_ —>■ ffi., such that 

'^z'Ft-^tFz'+ FFz'-i^z'=-{dx'-idy')^, on P_ (2-14) 

moreover by (12.131) . because iAi is purely imaginary, 

*P = 0, onaP_. (2.15) 

We note that by applying dx' + idyi to both sides of (12.141) , tp satisfies 

A»p = - 2 |P,/p onP_. (2.16) 

If in addition E(t) = {Z = Z{a',t) := 4'(a',t) | a' G M} is a Jordan curve with 

lim ZQ,/(a', t) = 1 , 

|a'|—>-oo 

let Q,{t) be the domain bounded hj Z = Z{-,t) from the above, then Z = Z{a',t)^ a' G K 
winds the boundary of 0(t) exactly once. By the argument principle, : P_ Q{t) is 
one-to-one and onto, : il{t) —>• P_ exists and is a holomorphic function. In this case, it 
is easy to check by the chain rule that equation (12.141) is equivalent to 

(Po^-i)t + Po«--i(Po^-i),+ (5,-i5j,)(<po^-i) = i, onll(t) (2.17) 

This is the Euler equation, i.e. the first equation of (HID in complex form. Therefore v = 
P o P = tp o is a solution of the water wave equation (II. ip . with T,(t) : Z = Z(-, t) 
the boundary of the fluid domain 

In what follows we give the local wellposedness result of [30] and the a priori estimate of 
[ 21 ] for solutions of (I 2 ^-(I^. 


2.4. Local wellposedness in Sobolev spaces. In [3D] we derived a quasi-linearization of 
(I2.9l) - (l2.8p . the system (4.6)-(4.7) of [30] by taking one derivative to t to equation (12.3p and 
analyzed the quantities b and Ai 0 and via Ai , we showed that the strong Taylor inequality 
m always holds for smooth nonself-intersecting interfaces. In addition, we proved that 
the Cauchy problem of the system (4.6)-(4.7) of [30] is locally well-posed in Sobolev spaces. 


Proposition 2.1 (Lemma 3.1 and (4.7) of [3^, Proposition 2.2 and (2.18) of [35]). We 
have 1. 

b-=htoh-^=Re{[Zt,m]{^-l))+2ReZt. (2.18) 

2 . 


Vli = l-Im[Zt,H]Zt,„, = 1 + — 


\Z,{a'A) - Z,{P'A)? 

{a' - P' Y 


dp' > 1 . 


(2.19) 


3. 


dP. _ Ai 


( 2 . 20 ) 


in particular if the interface E(t) G for some 7 > 0, then the strong Taylor sign 

condition ([OD holds. 


Remark 2.2. By (12.2011 . the Taylor sign condition (II. 2p always holds. Assume E(t) is 
non-self-intersecting with angled crests, assume the interior angle at a crest is v. Around 
the crest, we know the Riemann mapping (we move the singular point to the origin) 
behaves like 

$“^(z^) Ri {z'Y, with 1 / = riT 


9 m has a slightly different and shorter derivation. m has the derivation in a periodic setting. The 
reader may want to consult |21l I35| for the derivations. The identities in Appendix IB . 1 1 provide yet another 
derivation of the quasi-linearization and (|2.18|l . (|2.19|l from (|2.9|[ - (|2.8ll . without assuming Z = being 

non-self-intersecting. We note that II2.20II only makes sense for non-self-intersecting interfaces. 
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SO Z^ol' ~ {a'Y~^. From (j2.10|) and the fact Ai > 1, the interior angle at the crest must 
be < TT if the acceleration \Zu\ Y oOj = 0 at the singularities where the interior 

angles are < 7r0cf. HU, §3. 

Let h{a,0) = a for a € M; let the initial interface Z{-,0) := ^(0), the initial velocity 
Zt{-,0) := Zt{0) be given such that Z{0) satisfy (12.81) and Zt{0) satisfy Zt{0) = MZt{0); 
let Ai be given by (12.191) . the initial acceleration Ztt{0) satisfy (12.101) . and oq = ■ 

By Theorem 5.11 of [30] and a refinement of the argument in §6 of [30], the following local 
existence result holds. 


Proposition 2.3 (local existence in Sobolev spaces, cf. Theorem 5.11, §6 of [30]). Let 
s > 4. Assume that Zt{0) € Ztt(O) € and ag > cg > 0 for some constant 

cg > 00 Then there is T > 00 such that on [0,T], the initial value problem of (I2.9p - (12.81) - 
(|2.18l) - (l2.19p has a unique solution Z = Z{-,t), satisfying {Ztt,Zt) G C^([0,T],x 

andZ^^, -1 G for 1 = 0,1- 

Moreover if T* is the supremum over all such times T, then either T* = oo, or T* < oo, 
but 

sup {\\Ztt{t)\\H3 + ||^t(t)|fy3+i/2) = oo. (2.21) 

[O.T*) 

Proof. Notice that the system (4.6)-(4.7) of [3D] is a system for the horizontal velocity 
w = KeZt and horizontal acceleration u = KeZtt, the interface doesn’t appear explicitly; 
it is well-defined even if the interface Z = Z{-,t) is self-intersecting. The first part of 
Proposition [ 2 T 3 ] follows from Theorem 5.11, and the argument from the second half of page 
70 to the first half of page 71 of §6 of [30] . 

Now assume T* < 00 , and 


sup {\\Ztt{t)\\H3 + \\Zt{t)\\H3+l/2) := Mg < 00 . (2.22) 

[O.T*) 


We want to show that the solution Z of the system (|2.9D - (I2.8I) - (I2.18I) - (I2.19I) can be extended 
beyond T* by a time T' > 0 that depends only on Mg, cg, ||Zt(0)||//« and \\Ztt{0)\\H‘> , 
contradicting with the maximality of T*. 

Let r < T* be arbitrary chosen. Let a = a{-,t), b = b{-,t) be given by (4.7) of [30], and 
let h = h{-,t) satisfy 


t = b{h,t) 
h{a, 0 ) = a. 


(2.23) 


By Theorem 5.11 of [3D] and the argument in §6 of [3D], we know b G C'([0,T],i7®+^/^(]R)) 
with \\b{t)\\fje+ 1/2 < c(||Zi(t)|fys+i/2, ||^tt(t)|fyfy, and h{-,t) : R ^ R is a diffeomorphism 
with h{a,t) — a G ^([0, T], 77®+^/^). Moreover Z{a',t) := zo h~^{a', t) satisfies (12.101) . and 
for t G [0,T], 


WZttiYWH^ + ll■2^t(^)ll^ro+l/2 < dge^*'{\\Ztt{0)\\H‘^ 


ll^t( 0 )||/i-« + l/ 2 ), 


(2.24) 


where K = K{M{T), a{T),s), dg = d{M{T), a{T), s) are constants depending on 
a(T) := inf a(a',t), M{T) = sup{\\Ztt{t)\\H3 + \\Zt{t)\\H3+i/2), 

Rx[0,T] [o_T] 

and K{M{T), a{T), s) —>■ 00 , d{M{T), a{T), s) —>■ 00 as M{T) —>• 00 , a(T) —> 0. We want to 
show that a(r) > ^(^fYo.co) some constant C{Mg, cq) > 0. 


.4 := equals zero alongside — 

^^Let s > 4. as a consequence of {Zt{0), G X and ag > eg > 0, fyc«'(0) ~ 1 S 

In general by II2.10II . {Zt,Ztt) G x implies ^ — 1 G H®, and (Zt,-A— — 1) g 

/l®+l/2 X f/® implies Ztt G H\ 

depends only on cq, ||Zt( 0 )lfys+i /2 and ||Ztt(0)l|ir® • 
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By dllOl), 


i{a', t) := 


Ai{t) 


Mt) 


2 > 


SO it suffices to show that there is a constant c(Mo,co), such that ||^,a'(i)||L“ < c(Mo,co) 
for all t G [0,T]. From the assumption oq = ^PPlyi'^g 

the Hardy’s inequality Pror)osion lA..‘ll and Cauchy-Schwarz on (12.1911 yields 


Co 


Co 


We calculate \\Z_a'{t)\\L'=° by the fundamental theorem of calculus. 
Differentiating (12.231) gives 


dh. 
dt 

ha{a, 0) = 1. 


^ = ba'{h,t)K 


(2.25) 


So on [0,r], 




(«) 


dr . 


and by Sobolev embedding, ||5a'(T)||Lo°(R) < ||&(t)||h 2 (r) < c(||Zt(r)||^ 2 , ||Ztt(T)||// 2 ). Be¬ 
cause h{a, 0) = a, z(a, 0) = Z{a, 0) and 

Za{a,t) = Za{a,0) + Zta{a,T)dT. 

Jo 

By the chain rule Zta = Zt^a' o hha, Za = Z^a' o hha\ so for t G [0,T], 

||^,w(t)llL~ < (ll^.a'(0)||L~ + f \\ZtMr)\\L<^\\hc.{r)\\L^ dT)\\-^U^<CiMo,co) 


for some constant C[Mq,cq) depending on Mq, co and T*, and 

a(T) = inf a(a',t)= inf 777 -^ > 77777 -r- 

Rx[0.T] Rx[0.T] C{Mo,Co) 


(2.26) 


Now (|2.22|) . (12.241) and (12.261) gives 
\Zt{T)\\H^^: 
and a{-,T) > 


Ztt{T)\\H^ + \\Zt{T)\\Hs^^n < c(Mo,co, ||Z„( 0 )||ff., ||Zt(0)||ff»+i/2), 

^ > 0 . 


C{Mo, Co) 


So by the first part of Proposition 12.31 the solution Z can be extended onto [T, T -I- T'], 
for some T' > 0 depending only on Mq, cq and ||Z„( 0 )||,,.,||Z*( 0 )||^.+D 2 . This contradicts 
with the definition of T*, so either T* = 00 or (|2.2ip holds. 

□ 


Let Da := -^da and D^' ■= By (j2.8l) and the basic fact that product of 

holomorphic functions is holomorphic, if g is the boundary value of a holomorphic function 
on P_, then Da'g is also the boundary value of a holomorphic function on P_. Notice that 
for any function /, 

{Daf) o h~^ = Da'if o h~^). 
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2.5. An a priori estimate for water waves with angled crests. In [2T], we studied 
the water wave equation CH) in the regime that includes interfaces with angled crests 
in a symmetric periodic setting, we constructed an energy functional for this regime and 
proved an a priori estimate. The same analysis applies to the whole line setting. The main 
difference is that in the whole line case, we do not need to consider the means of the various 
quantities; and in the proof of the a priori estimate, the argument in the footnote 21 of 
[21] works, so we do not need the Peter-Paul trick. Hence in the whole line case, that part 
of the proof is simpler. Additionally, with the minor modifications given in Appendix IB. 11 
the argument in m applies more generally to solutions of (I2.9I) - (I2.8I) - (I2.18I) - (I2.19I) . without 
any non-self-intersecting assumptions, and the characterization of the energy given in §10 
of [ 21 ] also holds. In this subsection we present the results of [ 21 ] in the whole line setting 
for solutions of (I2.9I) - (I2.8I) - (|2.18II - (|2.19L we will only show how to handle the differences 
between the symmetric periodic and the whole line cases. 

Let 

E,{t) = mDlzt) O + \\Dl'Ztmh^yA,y (2.27) 

^ ,(y.' 

and 

Et,[t) = + \\D^.Zt{t)\\\„, + ||Zt,„.(t)|U 2 . (2.28) 

Let 

(S(t) = Ea{t) + E}){t) \\Ztt{t) — i\\L°° (2.29) 

Notice that we replaced the third term \ztt (ao, i) “ in the energy of [H] by || 

In §10 of [21], we showed that the regime C: < oo includes interfaces with angled crests with 
interior angles < ^, in particular, the self-similar solutions constructed in [33] has finite 
energy £. 

Theorem 2.4 (cf. Theorem 2 of [21]). Let Z = Z{-,t), t G [0,T'] be a solution of the system 
(13:^1)-(13:31)- (ina - (13TB . satisfying {Ztt,c.' , € C"([0, T'j, 7J"-'(IR) x iJ"+i/2-'(R)), I = 

0,1 for some s > 3 and Zu G C'([0, T']^°°(]R)). Then there are T := T(lS(0)) > 0, 
C = C(£(0)) > 0, depending only on 01(0) o such that 

sup £(t) < (^(^(O)) < oo. (2.30) 

[0.min{T.r'}] 

Proof. Let /i(a, 0) = a, a G M, 

eft) = Ea{t) + Efi(t) 

We only need to show how to handle the term \\Ztt{t) — The argument in §4.4.3 of 

m shows that for each given a G K, 

■^\zttia,t) -i\ < (|| —IIloo -I- \\DcZt\\L^)\zttia,t) - i\. (2-31) 

at a 

Notice from the estimate for ||^||l°° in [21] and Sobolev embedding that in fact 

\\-\\L^ + \\D^zt\\L^<c{e), 

a 

where c is a polynomial with nonnegative universal coefficients. Therefore 

■^\zttia,t) - < c(e)|;ztt(a,<) - i\. 

By Gronwall, |■^tt(Q^,^) — i| < |■^tt(a,0) — i|e.^o c(c(T))dr 

Wzttit) - i\\l^ < ||z„( 0 )-z||z,ooe/o“('M)‘'T 

Now let 

i^,{t) = e{t) + \\zu{0)-ih<^e^o-Mr))dr 
^^T(e) is decreasing with respect to e, and C{e) is increasing with respect to e. 
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SO £(i) < £i(<), and £(0) = £i(0). By the whole line counterpart of Theorem 2 of [2T], 
^e(t) < p{(B{t)) for some polynomial p with nonnegative universal coefficients, therefore 

|<£i(t)<p((£i(t)) + C(£i(t)). (2.32) 

Applying Gronwall again yields the conclusion of Theorem 12.41 

□ 


Let 


— \\^t,a'\\\2 + \\D‘^,Zt\\j^2 + ||i 9 q 


^ .Ol 


lL 2 


li^ 


+ \\Da'Zt\\\i/2 + 


|2 

Il= 


(2.33) 


As was shown in §10 of m. we have the following characterization of the energy 


Proposition 2.5 (A characterization of £ via £, cf. §10 of [H]). There are polynomials Ci 
and C 2 , with nonnegative universal coefficients, such that for solutions Z of (E21)-(E3), 


£:(f) < Ci(£(t)), and (£{t) < C 2 {£{t)). (2.34) 


2.6. A description of the class £ < 00 in the fluid domain. We give here an equivalent 
description of the class < 00 for solutions Z of (|2.9l) - (l2.8p in the ’’fluid domain”. 

Let 1 < p < 00 , and 

t 2 I 2y y < 0 (2-35) 

7r(x^ + j/^) 

be the Poisson kernel. We know for any holomorphic function G on P_, 

sup||G(ai + »j/)|Up(* ,dx) ^ 00 

y<0 

if and only if there exists g G Lp(R) such that G{x + iy) = Ky * g{x). In this case, 
suPy<o \\G{x + iy)\\LP{R,dx) = \\g\\LP- Moreover, if 5 G LP(K), 1 < p < cx), limj^_,.o_ Ky * 
g{x) = g{x) in LP{M) and if 5 G L°° fl G(M), limy_>o- Ky * g{x) = g{x) for all a; G K. 

Let Z = Z{-,t) be a solution of (12.9^ - 02 811 . let F be holomorphic functions on P_, 
continuous on P_ , such that 


Z{a',t) = ^(a',t), Ztia',t) = F{a',t). 


Notice that all the quantities in (12.331) are boundary values of some holomorphic functions 
on P_. Let z' = x' + iy', where x', y' G M. £{f) < 00 is equivalent tcF^ 


£i(f) := sup \\F^'{t)\\l 2 (^dx') + sup ||■^9,,/(■^F^.)(^)|||2(Rd,,,) 
y'<0 v'<0 't'z' 't'z' 


sup \\d,'{-^){t)\\l 2 ^R^dx') + sup 11^ 

y'<0 ^z' y'<0 ^z‘ 


l,dx') 




v '<0 


sup II 

y'<0 'ifz' 


H^/^{R,dx') 




(2.36) 


is clear S{t) = Si{t) for smooth Z = Otherwise this equivalence is understood at a formal 

level, and is made rigorous according to the circumstances. 
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3. The main results 

We are now ready to state the main results of the paper. For simplicity we present and 
prove the results in the whole line setting. The same results hold for the symmetric periodic 
setting as studied in m and the proofs are similar, except for some minor modifications. 

Let h{a,0) = a for a € K; let the initial interface Z{-,0) := Z{{)), the initial velocity 
Zt{-,0) := Zt{0) be given such that Z{0) satisfy (j2.8l) and Zt{0) satisfy Zt{0) = MZt{0); let 
Ai be given by (l2.f9L the initial acceleration ZuiO) satisfy (I2.f0l) . 

Theorem 3.1 (A blow-up criteria via £). Let s > 4. Assume Z’„/(0) G L°“(]R), Zt{Q) € 
iL®“'"i/2(R) and ZuiO) G Then there is T > 0, such that on [0,T], the ini¬ 

tial value problem of (EUl-lES has a unique solution Z = Z{-,t), satisfying (Zu^Zt) G 
C"([0,r],iJ"-'(R) X iJ"+i/2-'(R)) for I = 0,1, and Z,^' - 1 G ^([O, T], iJfyR)). 

Moreover if T* is the supremum over all such times T, then either T* = oo, or T* < oo, 
but 

sup C:(t) = 00 (3.1) 

[0.T-) 

Remark 3.2. 1. Assume Zq,'(0) G L°°{R). We note that by the definition A := 

> Co > 0 for some constant cq > 0. So the first part of Theorem 13.11 
is the local wellposedness in Sobolev spaces as stated in Proposition 12.31 The novelty of 
Theorem 13.II is the new blow up criteria via the energy functional €. 

2. Notice that supjQ -j..) £(<) < oo if and only if sup[Q 7 ..) £{t) < 00 , by Proposition [2^ 

By the discussion of il2.31 a solution of (I2.9I) - (I2.8I) is a solution of the water wave equation 
(ED if and only if E(t) = {Z = Z{a', t)\ a' & R.} is Jordan. So we can modify the statement 
of Theorem 13.11 to give a blow-up criteria for the water wave equation ED- For the first 
half of the statements in Corollarv l3.31 see Theorem 6.1 of [30] . 

Corollary 3.3 (A blow-up criteria via £). Let s > 4. Assume in addition Z = Z(-,0) is 
non-self-intersecting. Then there is T > 0, such that on [0,T], the initial value problem 
of (HH) has a unique solution, with the properties that the interface Z = Z{-,t) is nonself- 
intersecting and (ZttjZt) G T], JL®“*(R) x j'qj- / = o,1, and Z a' — 1 € 

C([0,T],iLfyR)). 

Moreover if T* is the supremum over all such times T, then either T* = 00 , or T* < 00 , 
but 

sup (£(t) = 00 , or Z = Z{-,t) becomes self-intersecting att = T* (3-2) 

[O.T*) 

3.1. The initial data. 0 Let n(0) be the initial fluid domain, with the interface S(0) := 
512(0) being a Jordan curve that tends to horizontal lines at infinity, and let <!)(•, 0) : 12(0) 

P- be the Riemann Mapping such that lim 2 _>oo 0) = 1. We know <!)(•, 0) : 12(0) ^ P- 
is a homeomorphism. Let 4'(-,0) := <i)“^(-,0), and ^(q;',0) := T(q;',0), so Z = Z{a',0) : 
R —>■ S(0) is the parametrization of S(0) in the Riemann Mapping variable. Let v(-,0) : 
12(0) —>■ C be the initial velocity field, and F{z',0) = v('L( 2 ;', 0), 0). Assume v(-,0) is 
holomorphic on 12(0), so F{-, 0) is holomorphic on P_. Assume F{-, 0), 'L(-, 0) satisfy (I2.36|) 
at t = 0. In addition, assume ru 

Co := sup \\F{x' +iy',0)\\L^R,dx') + sup | L , \ ~ HL^R,dx') < 00 . (3.3) 

y'<0 y'<0 + iy',0) 

only need to assume that F(-, 0), !'(■, 0) are holomorphic on P_ and continuous on P_, satisfying 
7 ^ 0 on P_, ||2.36I [ at i = 0 and II3.3II . We give the initial data as is to 
put it in the context of the water waves im . 

^®Let Ztt{0) be given by 112.1011 . Under the assumption II2.36II at t = 0, this is equivalent to assuming 
ll^t( 0 )IL 2 + ifyu( 0 )iL 2 < oo. 
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Theorem 3.4 (Local existence in the (S < oo regime). J. There exists To > 0, depending 
only on £i{0), such that on [0,To], the initial value problem of the water wave equation (jl.ll) 
has a generalized solution in the sense of (I2.14l) - (l2.15p . with the properties that 

F{-,t),'i>{-,t) are holomorphic on P_ for each fixed t G [0,To], F, ,‘P are continuous 

on P- X [0,To], F,'ll are continuous differentiable on F_ x [0,Fo] and is continuous 
differentiable with respect to the spatial variables on P- x [0, Fq]; during this time, £i(t) < oo 
and 

sup \\F{x' +iy',t)\\L^(R^dx') + sup lie—rTT~T7i “ l|lL=(R,da;') < oo. (3.4) 

y'<0 y'<0 ^z'\^ “r 5 

The generalized solution gives rise to a solution (v, F) = (Fo'I'“^,fpov['“^) of the water 
wave equation so long as 'Ei{t) = {Z — t) | a' G R} is a Jordan curve. 

2. If in addition, the initial interface is chord-arc, that is, Z^a'{-,0) G and there 

is 0 < S < 1, such that 



Then there is Fq > 0,Fi > 0, Fo,Fi depend only on £i{0), such that on [0,min{Fo, ^}], the 
initial value problem of the water wave equation (ED has a solution, satisfying £i{t) < oo 
and (lOl) . and the interface Z = Z{-,f) is chord-arc. 


4. The proof of Theorem 13.11 


We only need to prove the second part, the blow-up criteria of Theorem 13.II We assume 
F* < oo, for otherwise we are done. 

Let Z = Z{-,t), t G [0,F*) be a solution of (I2.9I1 - (I2.8I1 : 

Ztt + i = iA.Z^ct', (4.1) 


with constraint 


Zt — aZt, 

-1 = H(z -1), ^ -1 = - 1); 


(4.2) 


satisfying (Ztt,Zt) G C^([0,F*),iL® ^(R) x ^(1^)) for I = 0,1, and Z a' — I G 

C([0, F*), LF(R)). Precompose gT]) with h gives 


ztt + i = iaza 


(4.3) 


where ah^ := Ao h. Differentiating f|4.3p with respect to t yields 




— {ztt - i) 

a 


(4.4) 


Precompose (14.41) with h This gives the corresponding equation in the Riemann mapping 
variable: 

Zttt + i-^Zt^a' = — oh ^{Ztt — i) (4-5) 

a 

We know Zttt = {dt + bda'^Zt and Ztt = {dt + bda')Zt, where b := ht o h~^. The analysis 
in Appendix IB.II shows that b and Ai := AjZ^a'I^ are as given in (12.181) . (I2.19L and 


a* ^ ~ Im(2[^t, -|- 2\Ztt, M\dci'Zt — \Zt, Zp, Da'Ztff) 

a Ai 


(4.6) 


where 


[Zt, Zp, Da'Zt] 


1 

TTZ 


{Zt{a',t)-Zt{ff,t)ff 
{a' - fy )2 


Dp,Zt{ff,t)dp'. 


(4.7) 


(14.41) - (14.21) or equivalently (I4.5I) - (I4.2I) with b, Ai and ^ o h ^ given by (12.181) . (12.191) and 
(ITO is a quasilinear equation of the hyperbolic type in the regime of smooth interfaces, 
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with the right hand side consisting of lower order terms. 0 However in the regime that 
includes interfaces with angled crests, since A and — equal to zero at the crests where 
the interior angles are < tt, the left hand side of (j4.5l) (or (j4.4l) l is degenerate hyperbolic. 
We have the following basic energy inequality. 

Lemma 4.1 (Basic energy inequality). Assume 0 = 0{a,t), a G M., t G [0,T) is smooth, 
decays fast at the spatial infinity and satisfies (I — M.){9 o h~^) =0 and 

: 52 / 


Let 


Then 


die + iadc^e = Gg. 


E 0 {t) := / -\9t\^da + i / da99 da + f -\9'\^ da 


< { 


!)£;«(()+ 



(4.8) 

-\9\'^da 

a 

(4.9) 


(4.10) 


Remark 4.2. Since Ao h := aha, upon changing to the Riemann mapping variable, 
Eg{t) = j ^{\9t o h~^\^ + \9 o h~^\^) da' + i J da'{9 o h~^)9 o h~^ da' 

By 9 o h~^ = IHI(0 o h~^) and (IA.5I) . 


i J do,99da = i J da'{9 o h ^)9 oh ^ da' = \\9 oh 


^ 1/2 - 


> 0 . 


Proof. We haveR 
d 


1 


at 


dt 


i?e(t)=2Re / -9u9tda — / -^\9tGda + i / da9t9 da + i / da99tda 


+ 2Re I ^9t9da- / 


(4.11) 


1 „ ^ 


A\9t\^ + \9\^)da + 2 Re I -9t9da 
J ' J J ^ 

Here in the second step we nsed integration by parts on the third term. ()4.8p . Cauchy- 


= 2Re / -{9tt + iada9)9t da- ^ 


Schwarz and the fact that i f da99 da > 0 gives (14.1011 . 


Apply fc = 2, 3 to (14.41) . then commute Da{^)^ ^ with + iada yields 


□ 


{d^ + iada)Da{^)>^-^zt = Da{^f-\-iatZa) + + laSa, Da{^f-^]zt (4.12) 

/ Lr\ I L/y ! try 


Let 

Because A= 


Ek{t) ■— (^)- 


I ^ , 12 find Da U}i Da' 2 ; , 5 

Du{f)= I -^^{\d^a'Zt\^ + \Z,a'U^^dtUk^d^a'Zt\^)da' + 
We prove Theorem l3.ll via the following two Propositions. 


-dtZt 


(4.13) 


(4.14) 


Ai/2 


Proposition 4.3. There exists a polynomial pi = Pi(a;) with universal coefficients such that 


J^E2{t) <Pl{^{t))E2{f). 


(4.15) 


^'^ (14.51 1 is equivalent to the quasi-linear system (4.6)-(4.7) of m- The only difference is that ll431l is in 
terms of Zt and Ztt and (4.6)-(4.7) of |3Q| is in terms of the real components ReZj and ReZjt. 

^^Some variants of the proof have been given in m and m- We prove (I4.10l t nevertheless. 
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Proposition 4.4. There exist polynomials p 2 = P 2 {x,y) and ps = p 3 {x,y) with universal 
coefficients such that 

^Esit) <P2{^{t),E2{t))E3{t) +P3[^(t),E2{t)). (4.16) 

Propositions 14.31 and 14.41 give that 

E2{t) < ^nd 

E^lt) < {E3{t))+ [ P3((S(s),£;2(s))ds)e^o »(£(«), 


(4.17) 


so for T* < oo, i? 2 ( 0 )+i? 3 ( 0 ) < oo and sup[Q 7 ^.) €{t) < 00 implies supjQ 7 ^.) (i? 2 (t)+ 453 (t)) < 
00 . In M.II and il4.2l we will prove Propositions 14.31 and 14.41 We will complete the proof of 
Theorem 13.II in H4.3l bv showing that sup[o_T*)(ll^i(^)llff 3 +i /2 + \\Ztt{t)\\H3) is controlled by 
sup[o,T*)(^ 2 (i) + £' 3 ( 0 ) initial data. 

4.1. The proof of Proposition 14.31 


Proof. We prove Proposition 14.31 by applying the basic energy inequality, Lemma 14.11 to 
Da{^)zt of (14.121) . notice that (/ — Da{^)zt) = (/ — 'E.)Da'Zt^a' = 0. Using 

(IB.I 6 I (IB.151) and (IB. 221) . we expand the right hand side of (14.121) : 


G 2 ■= Da^{-iatZa) + [df + iada,Da^]zt 

flex 

= Da^i-iatZa) - 2{DaZttDa^Zt + DaZtOtDa^Zt) 

'lot 'lex '^CX 


(4.18) 


- DadtUh{{htO h ^)a'Zt,a'} - DJJh{{htOh ^)a'Ztt,a'} - iDaUh{AaiZt,a'} 

We can control H^Ht^cx, by a polynomial of €, see Appendix [Cl What remains to be shown 
is that 

'U 2 I 


|G :'2 


da < C{e)E 2 , 


(4.19) 


for some polynomial G(C:). Changing to the Riemann mapping variables and using A = 

|^.a'C/-lG2p 


Ai > 1, 




IG2 


■ da = 


1 ^ 

ahr 


So it suffices to show that 


-ha da = 


Ai 


■da’ < / \Z^a'Uff^G 2 Y da’. (4.20) 


J\Z,a'U;f^G2\‘^da’ <C{e)E2. 


Let 


^ 2,0 ■ — j ( 

flex 

G24 : = — 2 {DaZttDa—Zt + DaZtdtDa-^Zt)', 

flex l^cx 


and 


G 2 , 2 -=-DadtUh{{htOh )a’Zt,a'} - DaUh{{htOh Aa'Zu.a'} 

iE aU}i\^Aa'Z ^ 


(4.21) 

(4.22) 

(4.23) 


so G 2 = G 2 ,o + G 2 ,i + G 2 , 2 - We know by Ztt-i = -iaza (14.3p and ^DaUh = Da' := 


Z,a'U-^G 2 ,o = di,[- o h-^{Zu - i)) 


a 


(4.24) 


Z,a'Uff^G2.i = -2{Da'Zttdl,Zt + Da'Zt{Z^a'U^^dtUhz^dl,Zt)y, (4.25) 

^ ,Oi' 
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Z^a>Uf^^G 2,2 = -da'Uf^^dtUh{{htO h ^)a'Zt,a'} - da’{{htOh ^)a'Ztt,a'} 
iOa'Z . 


(4.26) 


Step 1: Quantities controlled by E 2 and a polynomial of <B. By the definition of E 2 , and the 
fact that II^IiIIloo < (7(2:) (cf. Appendix O . we know 




\dtD^^Zt\^ 


■ da. 


da < Eo 


WdlZtWh, 


z,a.>Ui;^dtUh—dl,Zt 

1 - 1 ; 


2 

^ dl,Zt 

L2 

Z^a' 


ijl /2 


< C{€)E2. 


We commute Z^^' with (7^ ^dtUh in the second quantity of (I4.28P 

Z^^,Uff^dtVh^di;Zt = Uff^dtUhdlZt + u^^dtUh]^dl,'Zt 

Zj cv' Z rv' 


By (IB.26I) and Appendix [Cl 

\\uf:^d,uudi,-zt\\^,- 


Z^^,Uff^dtUh^dl,Zt 

Z r\' 


L 2 


<C{mdl'Zt\W, 


so 


(4.27) 

(4.28) 

(4.29) 

(4.30) 

(4.31) 


(4.32) 


\\Uff^dtUhdl,Zt\\^,<C{it)E2 

Step 2. Controlling G 2 ,i- By (j4.25l) . Appendix [Cl and (I4.28|) . 

J |Z„-t/^-iG2.ipda<C(£)A2. 

Step 3. Controlling G 2 , 2 - We expand further the terms in Z a'Uff^G 2^2 by the product rule, 
da'Uff^dtUh{{ht O h~^)a’Zt^a'] = {ht O h~^)a'da'Uff^dtUhZt,a’ 

+ {Uff^dtUh{ht O h~^)a'}da'Zt,a' + {da'{ht o h~^)a'}U^^ OtUhZ t,a' (4.33) 

+ {da'Uff^dtUh{ht O h-^)a'}Zt,a'-, 

da'{{ht O h ^a' Ztt,a'{ — {da'{ht O h ^ a'{ Z tt,a' A {ht O h ^ a' da' Z tt,a' i 
da'{^a'Z t,a'{ — {da'-^a'^ Z t,a' E ,A.a'da'Z t ,a' 

Step 3.1. The quantity d^,{ht o h~^). By equation (IB. 51) in Appendix lB.il 


(4.34) 


htoh \a,t) = fj +S(a',t). 

Z^a'{a ,t) 

where {I — H)5(-,t) = 0. Differentiating with respect to a' yields 


{ht o h 




^EZtda'^+da 
Z Cv' Z Cv' 


Rewrite = 2 Re and move 2 Re to the left, we obtain 

^ a.' ^ ol' Z I ^ ol' 


{ht o h ^)a' — 2 Re 


Zt,a' Zt^a' , a ^ ,0 

- — “ =-f Ztda' -rz -1- da 

Zi .a' Z rv' Zj (y_l 


(4.35) 


(4.36) 


(4.37) 


j— 1 — 77751 . Zt Zt d'^ Zt 

differentiating (14.361) with respect to a' and using the fact * = 2 Re * — =—l- gives 
da'{ht o h-^)a' - 2Re^ = 2Zt,a'da'z^ - + Ztdl,^ + dl,~. (4.38) 

Zi .Ol' Z (y_l Zj Z (y_/ 
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Notice that (J — — Q, k = 1,2. Apply (J — H) to both sides of (14.371) and (I4.38[l . 

then take the real parts. Rewrite the last two terms on the right hand sides as commutators 
via the fact that (/ — M)d^,Zt = 0 and (/ — = 0, A: = 1, 20 We get 


{ht o - 2Re^ = Re{-[^,H]Zt,«, + [Zt,M]d^,^} 

^ ^Ol' ^ , 0!.' ^ ,Oi' 

and 

- 2 Re^^ = Re{2(/-H)(Zt.„,5„.^) 

^ ,Ol' ^ ,Ol' 

-[^,m]dl,z, + [z,,ndl,^}. 

^ ,Ot' ^ ^Ct' 

From (I4.40|l . by Holder’s inequality, (lA.Sp and (IA.12p . 


da'{ht oh ^)o,/ — 2Re 


dlZt 


,Cii' 


< \\Z, 




da>- 


,oc' 


L 2 


(4.39) 


(4.40) 


(4.41) 


Step 3.2. The estimates for the quantities involving Zt. Commuting da' with ^dtUh and 
using (IB.181) gives 


so 


da'U^^dtUhZt^a' = Uff^dtUhdlZt + [da',Uff^dtUh]Zt,a' 

= Uff^dtUhdlZt + {ht O h-^)a'dl,Zt, 
by (14.281) . (14.311) and Appendix ICl 

\\da'U^^dtUhZt,a'\\l2 < C{<S)E2. 

We estimate ||2t,a||L°° by (IA.3p . Appendix ICl and (I4.28L 

\\Zt,a'\\l^ <2\\Zt,a'\\L4€'Zt\\L- <C{(B)EI^^ 

We compute d'^,Ztt by (IB.lOp . 

dlZtt - u^^dtUhdl,Zt = [dl,,Ui;^dtUh]Zt 

= 2{ht o h~^)a’dl,Zt + da'iht O /l"^)a'^t.a', 
where by (14.4111 . (I4.28L (14.4411 and Appendix ICl 

\\da'{ht o h ^)a' Zt,a'\\L'^ ^ \\D a'Zt\\L°^\\d^, Z t\\]^2 + ||^t,a'|li“ ^a'^ - 

^,a' 

< Ci€)El^'^. 

Therefore (14.451) . (I4.46L (14.311) . (14.281) and Appendix ICl gives that 

Wdl'ZttWh < 0(^2. 

As a consequence of (jA.3ll . (14.471) and Appendix [Cj 

Wda'ZttWl^ < 2\\da'Ztt\\L4dl'Ztt\\L- < Ci<B)El/\ 

We compute Ujf^dtUhZt,a' by commuting Uff^dtUh with da' and using (jB.l! 
Uff^dtUhZt,a' = da'Ztt + [U^^dtUh,da’]Zt = Ztt.c' - {ht O h-^)a'^t,o.'-, 
(14.481) , (14.441) and Appendix [C] imply that 


L 2 


\\Uf;^dtUhZt,a'\\l^ <c{€)eI 


1/2 


(4.42) 

(4.43) 

(4.44) 

(4.45) 

(4.46) 

(4.47) 

(4.48) 

(4.49) 


l^If (I - H)g = 0, tlien (7 - H)(/g) = [/, H]g. 


(4.50) 
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Step 3.3. The estimate for the terms involving d^,{ht o h~^) in (14.331) and (14.3411 . By Steps 
3.1 and 3.2, we can give the estimates for some of the terms in (j4.33ll and (I4.34|l . First, 
because \\{htoh~^)ai\\L^ < C{€) (cf. Appendix ICl) and (14.431) . 

\\ihtoh-%,d^>Ui;^dtUhZt,o.'\\h<c{<a)E2-, ( 4 . 51 ) 

and from (I4.47L 

\\{ht o h-^)c,'dc,'Ztt,AI 2 < C{€)E 2 . (4.52) 

From (14.411) . (I4.28L (14.441) . (14.481) and Appendix [Ul 

\\da'{htoh-^)^,Ztt,c'\\L- < \\Dc.'Ztt\\L<-\\dl,ML^ 

1 1/2 (4-53) 


+ ||i°° I|e° 


da 


L2 


additionally from (|4.49|1 . 


Wda'ihtO h-^)a'U-^dtUhZt,a'\\L- < (|| |U=. + C(£) || Z* |U=o ) || Z* 1^2 


+ (||Ztt_Q' llioo + C'(£)||Zt_Q,/||iOo)||Zt_Q,/||iO 


da'- 


z, 




(4.54) 


L 2 


Step 3 . 4 . The terms involving d^,Uf^^dtUh{htoh ^)a',k = 0,1. WeHrst consider Uf,^dtUh{hto 
h-^)a'. Applying Uff^dtUh to (|4.39p gives 

Uff^dtUh{ht o h-^)a' = 2ReUff^dtUh^ 

^ .Ol' 


we know 


+ Re{-Uff^dtUh[^MZt,a' + Uf:^dtUh[Zt,M]da~}-, 

Zj n,' Z cn' 


Uif^dtUn^ = U-^dt"-^ = ^ = Da,Zu - {Da^Z.f. 

Zt ^Ol' ^OC Zi Qi' Z (y^l 

We compute the last two terms on the RHS of (14.551) by (IB.25F 


(4.55) 


(4.56) 


u-^dtUh[^MZt,a' = [u-^dtUh^,m]Zt,c 

^ .n' ^ .m' 


+ [=— ^^\{da'Ztt) — [=—,htoh 
Z rv' Z ry' 


and 


uf:^dtUh[Zt,m]da~ = [Ztt,M]da>^ 
Z rv' Z f\' 


+ [Zt,M]{da'Uf,^ ^dtUh-^) - [Zt,ht o h 


, 0 !^ 




(4.57) 


(4.58) 


Now by the product rule, 

da'U-^dtUh^ = da'{^{{ht O h-^)a> - Da^Zt)} 

Z ol' Z (y! 

= {da'Z—){{ht o h~^)a' - Da'Zt) + (Dafht O h~^)a' “ Dl,Zt)-, 
Z ^cx.' 

commuting Uf^^dtUh with da' and using (IB.181) gives 

U^^dtUhda>^ = da'Uff^dtUh^ + [Uff^dtUh,da']^ 

Z ^Ol' Z Ql^' Z Ql^l 

1 .. „ 1 


(4.59) 


= da'Uf,^dtUh^ - {htoh ^)a'da 


(4.60) 


























































EXISTENCE OF TWO DIMENSIONAL WATER WAVES WITH ANGLED CRESTS 


17 


Applying Appendix [C] yields 

\\da.'U-^dtUh^\\L^ + \\U-^dtUhdo,,^\\L^ < C(e:); (4.61) 

^ ,ol' ^ ,a.' 

and from (14.551) , by (14.561) , (I4.57|) , (14.5811 , (14.611) and (lA.lHp , (IA.17P and Appendix ICl 

r-l 


\\U^^dtUh{htoh-^)o.,\\L^ <C{^). 


(4.62) 


We analyze da'Uf^ ^dtUh{ht o h ^)o,/ similarly. Commuting da> with [/^ ^dtUh and using 


(IB.ISP gives 

da'Uf^^dtUh{ht o h~^)a' = [da',Uf^^dtUh]iht o h~'^)a' + Uf^^dtUhda'iht o h~^)a' 
= {ht O h~^)a'da'{ht o h~^)a' + dtUhda'{ht O h~^)a'. 
We compute the second term on the RHS of (14.631) via (14.401) : 


(4.63) 


U^^dtUhdo.,{ht o -2ReU-^dtUh^^ = Ke{2U-^dtUh{I - H)(Zt,„,9„,^) 

Zj rv' Z cv' 


Z ot' Zj Q^l 


(4.64) 


(4.65) 


commuting C/^ ^dtUh with := Da' and using (IB.12l) gives 

U^^dtUh^^ = Da'U^^dtUhZt,a' + [Uh^dtUh,Da']Zt,a' 

Z ^cx.' 

= -^da'Ui;^dtUhZt,a' - -^{Da'Zt){dl,Zt); 

Z ^Oi' Z ^cx.' 

for the first term on the RHS of (j4.64L we commute U^^dtUh with (J —H) and use (IB.23p . 

U^^dtUh{I - M){Zt^a'da'^) = (/ - M)U;;^dtUhiZt,a'da'^) 

Zw Z ^ol' 


- [U^^dtUhMiZt,o.'da~) 

Z ^cx' 

= {1 - n)V^^dtVh{Zt^a'da'^) - [htoh-\m]da'{Zt,a'da'^); 

Z rv' Z cv' 


(4.66) 


we use product rule to expand further the terms on the RHS of (14.6611 . By (14.5011 . (14.6111 . 
(I4.44L Appendix ICl and (lA.llll . 

2 

<C{<&)Ey'^. (4.67) 


1 


U^^dtUh{I - H)(Zt,„,a„.—) 

Z ^cx' 


L2 


We use (IB.251) to compute the last two terms on the RHS of (14.641) . then use (lA.llI) . (IA.12I) 
and (I4.61L (14.501) . (I4.44L (14.481) and Appendix ICl to do the estimates, we get 


Z r\' 


L 2 


Ui;^dtUh[ZtMdl 


< C{<t)El/\ (4.68) 


L 2 


therefore 


U^^dtUhda' (ht o h-^)a' - 2 Re Uf^^dtUh 


02 y 2 

‘ <C(e)E^^^. (4.69) 

L 2 


We now conclude the estimates for the two terms involving ^dtUh{htoh ^)a' in (14.3311 . 


By dHa), dOTH . gH, (ITHiHl and (H:^ and Appendix O 

\\{da'U^^dtUh{htoh-^)a'}Zt^a'\\\, < C(€)A2; 


(4.70) 
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by (14.6211 and (j4.28|) . 

<C{^)E2. (4.71) 

Finally we estimate the L? norms of the two terms on the RHS of the second equation 
in 631. 


Step 3.5. The L"^ norm of da'{Aa'Zt,a')- We begin with the first equation of (12.91) A := 
Differentiating with respect to a' gives 


dafA — zT)(^rZtt t(^Ztt I'jdci 


1 


Wd^'Ah^ < C((£), 


(4.72) 

(4.73) 


By Appendix [Cl 
therefore by (I4.28L 

\\A^^dl,Zt\\l2<Cie)E2. (4.74) 

We now consider the term {da’Aa’)Zt,a' in (14.341) . We calculate d^,A by differentiating 
the equation iA = (12.91) twice: 

idl,A = + 2d^,Zudc.,^ + {Zu + (4.75) 

^ ^ol' ^ ,a.' ^ ,ol' 

Applying (/ — H) then taking the imaginary parts gives 

dl,A = Im(/-H)(^|^)+2Im(/-H)(5„,Z«9„,^)+Im(/-H)((Z„+i)a2,^); (4.76) 

^ ,ol' ^ ^ol' ^ ,0.' 

we rewrite the first term on the right by commuting out 


(/ _ H)(^|^) = ^(/ - M){dl,Zu) + Mm,Zu); 

Zj r/' Zj f\' Zj rn' 


(4.77) 


using (/ — = 0 we rewrite the third term on the right of (14.761) as a commutator 

(4.78) 


(/-H)((Z„+z)92 1 

Zi rv' Zi ry 


SO 


dl,A = Im{^(j - mdlZu) + [^,mdl,Zu)} 

Zi ,0.' Zj _^cx.' 

+ Im{ 2 (/ - U){dc.,Zttd^,^) + [ZuMdl^] 

Zj ry' Z ry' 


We apply (lA.lip . (|A.12ll and Holder. This gives 


dl,A-Tm{ — {l-W){dl.Zu)) 

Zi .ry' 


SO 


< 

da 

1 

L2 


Zi ^ol' 

da' ry 

11 ^ 

Zj 

a.' 

L2 


\Z. 


tt.Oc' \\L° 


(4.79) 


(4.80) 


L 2 


\\{di,A)Zt,c.'\\^. < \\D^,Zt\\L^\\di,Zu\\L- + 

By (lT28ll . (14441) . (liA^ and Appendix 0 

\\{dl,A)Zt,a.'\^^,<C{€)E2. 

This completes the proof for 


j \Z,^,Uff^G 2 a? da <C{(E)E 2 . 


( 4 . 82 ) 
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Step 4- Controlling \\Z^a'Uf^ ^G 2 ,o||l 2 - We are left with controlling ||Za/C7^ ^G 2 ,o||l 2 . By 
(I4.24L we must show 

J \dl,{^oh-\Ztt-i))\^ da' < Ci€)E 2 . (4.83) 

We expand d^,{^ o h~^{Zu — i)) by the product rule 

d‘i,{—oh~^{Ztt-i)) = —oh~^dl,Ztt + 2da>{—oh~^)Ztt,a'+dl,{—oh~^){Ztt-i) (4.84) 

a a a a 

where we estimate the norm o^ da'{^ o h~^) by (|4.6p . (|A.8p , (jA.lip , (|A.12p and (|A.9p 


dc'{-oh-^) <\\Zt,c.'\\L^\\Ztt,a'\\L^ + \\Zt,c.'\MZt,c.'\\L4Dc'Zt\\L’^ 

CX 


(4.85) 


+ ||l°° IIl^ 

SO by Appendix O (14.281) and (14.441) . (|4.48l) . 

/ I - o h-^dl'Zu + 29„-(- o da' < C{^)E 2 . (4.86) 

7 a a 

What remains is the term f o h~^){Ztt — i)\^ da'. We begin with (14.121) . together 

with (irm and (irm) . (022]), (irki) : 

(d^ + iada)Da{ — )zt = Dc — {—iatZa) + G2,i + G2^2- 
flea n-a 

Precomposing with h~^ then multiply Z gives, using 'ztt — i = —iaza dH, 


(4.87) 






Z^^,U-\dt +tad^)D^i-^)zt = di,{- o h-\Ztt - t)) + Z,^,U;;\G 2 ,i + G 2 , 2 )- (4.88) 

Hid Cl 


By commuting {d^ + iada) with — we rewrite the left hand side as 


Uh + iada){^fzt + + iada), —](^)^zt; 

/T-q. Zqc lid 


(I4.88P now yields 


Uh + iada){j^)^zt = dl,{— o h ^){Ztt - i) + e 
lid Cl 


where 


e : — —Z^a'U^ ^{{dt + iada), —4” Zi^a'Uh ^{G2,i + G2,2) 

Zcv rid 


' h 

+ — O h~^da'Ztt + 25a'(— o h~^)Ztt,a'- 

a a 


(4.89) 

(4.90) 

(4.91) 


Observe (/ — IHI)t7^^(|^)^zt = (/ — M)d'^,Zt = 0. We want to use the ’’almost holomor- 
phicity” of the LHS of (14.901) and the fact that d^, ° h~^) is real valued to estimate 

I ° d~^){Ztt — i)\^ da. We first show that the error term e is well behaved. By 

(irai) / 

Z.c'U^^iid'^t + *a9„), —]i^)^zt = 2{{ht o h-^)a' - Da'Zt)Ui)^dtUhdl,% 

^d f^d 

+ {{ht o h-^)a' - Da'Zt)^dl,Zt + {Ui)^dtUh{ht O h-%, - U))^dtUhDa'Zt)dl,Zt (4.92) 
+ {Ztt + i)da' {-^ - )l^a'Zt', 

from (IB.121) . U^^dtUhDa'Zt = Da'Zu — {Da'Zt)^, therefore by Appendix ICl (14.281) . (I4.3ip 
and (|4.62L 


h f) 

ll^di / '-'Q 


Z,a'Ui)^[{d't + iada),'ZZ](^)^z, 

Zd lid 


da' < C(£)A 2 . 


(4.93) 




















































20 


SIJUE WU 


The estimates (I4.93L (I4.86|l . (j4.82|) and (14.3211 give that 

J \efda' <C{e)E 2 . (4.94) 

Nowwe apply (/ —H) to both sides of (I4.90L then rewrite {I— — 

by commuting out {Ztt — i)' 

(/ - n){U-\d^ + zad^){^fzt) = (Zu - i){I - o h-i)) 

fia a (<435^ 

+ [Zu,M]{dl,{^oh-^)) + {I-M)e 

Since H is purely imaginary, o | < |(/ — o hence 

\\(Zu - i)dl ,o h-^) lU. < \\(Zu - i){i - M){dl ,o h-^))U 2 

d _ a. (4.96) 

< ||(/-H)(t/,-i(a2+*aa«)(-^)2z0lU^ + + lleiu- 

iloi Cl 

By (IXT^ and (Oa . (lillTl) and Appendix O 

\\[ZtuM]{dl,{^oh-^))\\L2 < \\Ztt,e.'\\L^\\dc,'{- o h-^)\\L2 < (4.97) 

a a 

therefore 

\\(Ztt - ^)^l, O h-^) lU. < ||(J - H)(U-^(d! + ^a^^)(^rz,)h. + C{^)e]^\ (4.98) 

In what follows we will show that 

||(/ - H)(y^-i(a2 ^ A )2-< C'(€)Ay" 

floc 

and complete the proof for Proposition 14.31 


Step 4-.1. Controlling ||(/ — IHI)([/^ ^{df + mda){^YZt)\\L'^ ■ We introduce the following 
notations. We write fi = / 2 , if {I — ]HI)(/i — / 2 ) = 0. We define ¥h ■= and 

Pa := ^^ 2 ^^ ’ + Pa = 7, and Fh — Pa = U- By Proposition IAT] Fh is the projection 

onto the space of holomorphic functions in the lower half plane P_, and Pa is the projection 
onto the space of anti-holomorphic functions in P-. 

We want to derive an estimate of ||(/ — + iada)U o /i||i 2 for a generic U 

satisfying U = HC/, i.e. U = 0. Observe Da'U = 0. By (IB. 81) of Proposition (BT] U satisfies 

Uh^{dt + iada)U oh = 2-^da’{U^^dtUh - -^da')U 

Z,a' ( 4 . 99 ) 

+ Z^Dl,U+ 2{Zu+i)D^>U. 


What we will do first is to use (j4.99|) to rewrite {I — +iada)Uoh into a favorable 

form so that desired estimate will follow. 

We expand on the RHS of (|4.99|) the term 


Z^Dl,U={ 





)da'U 
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by the product rule, and decompose ^We have, because 

dc.'{U^^dtUh - = Qhy ' 


U-\d'i+iado:)Uoh = 2^A{^)dc.'{U^^dtUh - {^a+^H){-^) d^')U 


+ ((P^ + P^)(^))"52,C/ 

^ ,ol' 

1 

+ „* dai{— — )da'U + 2{Ztt + i)DoiiU. 

^ n/' ^ n/' 


(4.100) 


We expand further the factor da'{VH{^^)da'U) on the RHS by the product rule. After 
cancelation we obtain 


+ iado,)U O h = 2¥A{4^)dc.'{U^^dtUh - ^A{4^)d^')U 

^ ,Oi' ^ ^Ol' ^ ,Ol' 

{^A[4^)Ydl,U + + 2{Zu + i)D^,U. 

^ ,ol' ^ ,ol' ^ ,ol' 

Now because f'HiZtda'-^—;') and da'U are holomorphic, 

2VA{^)fH{Ztd^,^)d^,u = 2^YH{Ztd^,^)d^,u, 
Zj rv' Zj rv' Zj c\i Zj rv' 


(4.101) 


moreover 


and 

Zj ^ol' Z Z Z Z^cx' Z ^cx' 

-^w{Ztdo.'^)do.'U = -Ztm{Ztdo,,^)do.'{^u) 

Z cv' Z f\' Z f\' Z f\' 


Z cv' Z rx' 


and by straightforward expansion. 


and 


[Zt, [Zt,M]]dc,,^ = -2Ztm{Ztda~); 

Z ex' Z ex' 


Ztd^,{^)W{Ztdo.~) = {FH{Ztdo^'{^))f - {FA{Ztd^,{^))f. 
Z ex' Z e^' Z ex' Z ex' 


Therefore 


U-\dt + za5„)t/ o h = 2FA{^)d^'(U-^dtUh - FA{^)d^')U 

Z^ex' Z ex' 

- 2FA{^)Fn{^)d^'V + ^A{^)Ydl.lJ 

Z^cx' Z^ex' Z ex' 

+ h[Zt,[Zum]d^~}d^>{^u) - {FA{Ztd^>{^))ru 

Z Z ^ex' Z ^ex' Z ^ex' 


Z^a' 

We further rewrite 


2FA{^)FH{^)d^'U = Fh{^){I - m){FA{^)do,,U). 
Z ex' Z rx' Z c\' Z ex' 


(4.102) 
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Apply {I — H) to both sides of (j4.102|l . and rewrite terms of the form (/ — M){gig 2 ) with 
g 2 = IHI 52 as [gi,M\g 2 . We obtain 


(/ - H)C/-^(a," + ladc^U o h = 2[¥A{4^)Md<.'{U^"dtUh - ^A[^)do.')U 

^ .n' ^ ^Oi' 

Zt ^^2 




(4.103) 


-{I- H){Pff (§^)[P^(^), M]d^,U} + [{l!>Ai^))\M]dl,U 

Zj Q^' ^^ol' 

Z Z'.Q,/ ^ ^ol' 

- (/- H){ (Pa (Zt^)) V} + 2, H]C/. 

^ ^ol' ^ ^ol' 

We further use the identitj@ 

-2[g^,m]^^,{g^g2) + [gl,m]^o .'92 = -- [ 92^ d/S' :=-[91, 9 i, 92] 

TTz 7 a' — p' 

to rewrite the sum of second part of the first and the third terms on the right: 


-2[PA(^),H]a„. (pa(^)9„'C/) + [{FA{^)Y,E.]dl,U 

^ ^ol' \ ^ , 0 .' 


= -[P-4(^),Pa(^);9c'C/]. 

^ rv' ^ rv' 


(4.104) 


We are now ready to give the estimate for (/ — H)!/^ + iada)U o h. We have, by (jA.ll|) . 

(IA.15)) and Holder’s inequality, 

-l/o 2 


||(/-H)C/^-^(9)^ + ta9„)C/o/i|U2 < \\d^,^^{^)\\i^^\\U-^dtUhU\\L^- 

^ .n' 


^ ,Ci' ^ ^Ol' ^ ,Ci' 

+ \\d^,{[z,,[z,,m]]d^,^)UA\^u\\^,f, 

Zj Q^' ^ ^Ol' 

+ ||PA(Zt9„,^)||i,.||C/|U.++||9„.(%±^)|U=o||C/|U.. 

^ yOi' ^ ^Oi' 


(4.105) 


Now by (IA.19I) . 


and because 


\\d^.{[Zu[ZM]do.~)\\L^ < \\Zt,AU\dc.~\\L^ 

^ ,(y.' ^ ^ol' 


da'{—^ --) — Da'Ztt + (Ztt + i)dai— , 

^ ,0’' ^ ^ol' 

\\dA^^)\\L^ < \\D^'Zu\\L^ + \\{Ztt + ^)^^~\\L^ 

Z _ol' ^ ^Ol' 

We can conclude now by Appendix [C] that for any U satisfying U = MU, 


||(/-H)t/^-'(5)^ + ta9„)C/o/t||i2 < C(£)(||C/|U 2 + ||[/^-^9tH„17|U2 + || t/||^i/.). (4.106) 

^,a' 

As a consequence of (14.1061) and (14.281) . (I4.31L 


\\{I -M){Upid^ +iad^)i^rzt)\\L^ < C{<t)Ey\ 


(4.107) 


is an easy consequence of integration by parts. 
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(14.981) then gives 

\\(Zu-i)dl,{^oh-^)\\l,<c{e)E2. 

Sum up (ITMIl . dual), l\4mi and (l4dn^ . 

J \Z^c.'Ui;^G2\‘^da' <C{€)E2. 

This finishes the proof of Proposition 14.31 


(4.108) 


□ 


4.2. The proof of Proposition 14.41 


Proof. We prove Proposition 14.41 bv applying Lemma iQ] to (14.1211 for fc = 3, notice that 
(/ — = {I — ^)Da'dl,,Zt = 0. For fc = 3, the right hand side of (14.1211 is 


Gs Da{-r~Y{~iatZa) + [d^ + iada, I?q( — 

lici i^a 

Similar to the proof for Proposition 031 we only need to show that 

J\Z^^,U-^G^\^ da' < G{(B,E 2 )E 3 . 

We expand Z^a'Uff^G^ by (IB.16I1 . (IB.15I1 . (IB.2211 . We have 

Z,c'U-^G3 = o h-\Zu - ^)) + + tado,,D^]{^fzt 

+ + iada, + iada, ^]zt 

'^OC '^OC '^OC 

'■= Z^a'Uf^ + Z^a'Uf^ + Z^a'Uj^ ^Gap + Z^a'Uf^ ^Gap 

where 

Z,a'U^^G3,0 ■■ = dl,{^ o h-\Ztt - ^)) 

= da>{— o h~^){Ztt -i) + 3l9a/(— O h~^)Ztt,a' 

a a 

+ 3(9ct'(— ^^d‘^/Ztt-\ - ^d^,Ztu 

a a 

Z,a'U-^G 3 ,i : = Z,a'U-^[df +iada,Da]{^fzt 

floe 

= -2Da'Zudl,Zt - 2{Da'Zt)Z^a'Uif^dtUh^dl,'Zt, 

^ ,Oi' 


(4.109) 


(4.110) 


(4.111) 


(4.112) 


(4.113) 


Z,a-U^^G3,2 ■■= da-Uff\d‘t+iada, 

tloi 

= -da-Uff^dtUh{{ht O h-^)a'dl,Zt} - da^{{ht O h-^) a' da'Uh~^dtUhZ t,a-} 

-ida'{Aa'dl,Zt} 

= -{da'Uf:^dtUh{ht o h-^)a')dl,Zt - {U-^dtUh{ht o h-^)a')dl,Zt 

- da'{ht O h-^)a'{Uff^dtUhdl,Zt + da'Uff^dtUhda'Zt) 

- {ht o h-^)a'{da'U-^dtUhdl,Zt + dl,Uff^dtUhda'Zt) 
-l{da'Aa')dlfZt-lAa'dlfZt-, 


(4.114) 
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Z,c,'U-^G3,3 := dl,U-^[d^ + iad^, ^]zt 

^Oi 

= -dl.U^^dtUh{{ht o h-^)^.d^.Zt} - dl,{{ht o h-^)^.d^,Zu} 

- id'i,{Aa'da'Zt}. 


(4.115) 


Step 1. Quantities controlled by E 3 and a polynomial of £ and £ 2 - By the definition of i? 3 , 
and the fact that ||Ai||l“ < G{tt) (cf. Appendix ICl) . 


'ZtWl., 


Z,^,U-^dtUh- 


-dlZt 


L 2 




-dl,Zt 


Ai/2 


< C{(t)E3. 


We commute with ^dtUh of the second quantity in (14.1161) : 

Uff^dtUhdlZt = Z^^,Uff^dtU 

By (IB.261) and Appendix [CJ we have 


Uff^dtUhdlZt = z^^,Uff^dtUh^dl,Zt - [Z^^,,Uff^dtUh]^dl,Zt 


\\Uff^d,Uudl,Z, 


IL 2 


Z,„,ur^dtUh^dl,Zt 


L 2 


<cm\di,z,u., 


SO 

\\U-^dtUhdl,Ztf^, < C{iB)E3 

By IHfil), 


(4.116) 


(4.117) 


(4.118) 

(4.119) 


da,,U;f^dtUhdl,Zt - Uff^dtUhdl,Zt = [dc,',Uff^dtUh]dl,Zt = {ht o h-^)^^dl,Zu 


SO 

\\d^'U-^dtUhdl.Zt\\l. < C{€)E3. (4.120) 

As a consequence of (IA.3I) . (I4.28L (14.1161) . (14.311) and (14.1201) . 

Wdl^tWl^ < C{(E,E 2 )Ey\ WUff^dtUhdl^tWl^ < C{^,E 2 )Ey\ (4.121) 

By (IB.181) again, 

dl,Uff^dtUhd^,Zt - do^'Uff^dtUhdlZt = dc,^[d^,,Uff^dtUh]do.'Zt 
= d^,{ht O h-%,dl,Zt + [ht O h-^)c.'dlfZt, 
so by (14.1201) . (14.1161) . and (14.411) . (I4.121L (I4.28|) . (14.441) and Appendix ICl 

\\dl,Uff^dtUhd^,Zt\\l. < Ci€,E 2 )E 3 + C[<E,E 2 ); (4.122) 

and consequently by (IA.3I) and (14.431) . 


\\d^'U-^dtUhda^,Zt\\l^ < C{€,E2 )eI^^ + C{e,E2). (4.123) 

Step 2. Controlling Gap. By ()4.113l) . Appendix ICl and (I4.116|) . 

J \Z^^,U;f^G3,ifda < G[€)E3. (4.124) 

Step 3. Controlling Ggp- By (IAMI) . (IAMI) . (IAATT) . (IA^ . (lA43ll . (lA^ . (IATTIT) . (IAMI) . 
(I4.116L (14.1231) . (I4.120L (14.1221) . (14.731) . (14.801) . (14.481) and Appendix ICl we can control each 
of the terms in (14.1141) . Sum up, we have 


|^,a'G^-iG3.2|" da < G(£, E2)E3 + G(£, E 2 ). 


(4.125) 
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Step 4- Controlling Expanding in (j4.115|l by the product rule, we find that the 
additional types of terms that have not already appeared in (I4.114p and controlled in the 
previous step are 

{dl,U-^dtUh{ht o {dliht o h-^)^,)U-^dtUhd^>Zt, 

dl,{{htoh~^)a’da’Ztt}, and {dl,A)da'Zt. 

Step 4-1. Controlling d^,{ht o h~^)c,' and d^,Zu- We begin with controlling da'Ai, d1^,Ax 
and 9^, • Differentiating (12.191) gives 

da'Ai = -lm[Zt^a' (4.126) 
so by (lA.lSp . Appendix ICl and (I4.28p . 

Wdc'A^W^^ < \\Zt,Ai^4dl.Zt\\L2 < G((£)4/^ (4.127) 

Differentiating again with respect to a' then apply (|A.11I) . (IA.13I) and (IA.3I) gives 

\\dl,A,U. < \\Zt,o.'\M\dl,Z,U. < C{^,E^). (4.128) 

To estimate we begin with (12.101) : 

. 1 _ Ztt — i 

Z^a' Ai 

Taking two derivatives with respect to a' gives 


2 1 dl,Zu d^,A, dl,A, 

-2Ztt,a/—^2-h (Ztt - i)( - J2 -^ 


Af Af 


(4.129) 


therefore 


<\\dlZtt\\L^ + \\d^'Ztt\\L4d<.'A,U^ 

^ ,Oi' 

+ + ll^a'^lllLall^Q'Aillioo) < G(£,E2), 


and consequently by (IA.3p . 


||5„—|U~ <G(€,E2). 

^ .ty' 


(4.130) 


(4.131) 


We are now ready to give the estimates for \\d^,{htoh ^)a'\\L^ and \\d^,Ztt\\L^- Rewriting 
the first term on the right of (14.401) as a commutator then differentiating yields, 


o3 ^ 1 1 

dl,{ht o h-i)„, - 2Re(^^ + dl,Ztd^,—) = Re{29„,[Zt,„,,H]a„-—) 

^ ,ol' ^ ^ol' ^ ^ol' 

- d^, [^,m]di:zt + [Zt, 


(4.132) 


'' ,Oi' 


z, 


Expanding the right hand side of (14.1321) by the product rule. By (lA.lip . (IA.12p . 

Zj Ct' ^ ^Ol' 

+ < G((£,E2)E3'/' +G((£,E2). 

^ .ol' 

Eor Wd'^iZtiWh'^, we differentiate (14.451) with respect to a': 


(4.133) 
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therefore by (I4.41L (I4.116L (I4.120L (I4.121I1 . 

\\dl,Zu\\l,<C{(B,E 2 )E, + C{(B,E 2 ), 

and as a consequence of (IA.3I) . 

\\dl,Zu llioo < C(€, + C(£, E 2 ). 


(4.135) 


(4.136) 


Step 4-2. Controlling dl^,A. We differentiate (I4.79P with respect to a' and use the product 
rule to expand. We have, 


\\dl,A\U. < \\^U^\\dl,Zu\\L^ + \\dc.~\\LA\dl,Zu\\L^ 

E\\dl.^\\LA\do.^u\\L^ <C{^,EA)Ey’^ + C( 4 t,EA). 
Step 4-3. Controlling d'^,U^^dtUh{ht oh~^)a'. By (jB.1611 and (IB.181) . 


(4.137) 


di,U^^dtUh{ht o = U^^dtUhdlAht o h-% 

,-l\ .\2 


(4.138) 


+ {da’Qitoh + 2{htoh ^)a'dl,{htoh ^)a' 

where 

Uda^Aht o h-Ac'f + 2{ht O h-^c'dlAht o h-%A\L- 

< \\da'{ht O h~^)a'\\LA\9a'{fT't O /l“^)a'|U“ + ll^a'(^t O /l“ ^ )„/|| ^2 || (/ij O h~^)a'\\L°° 

< \\da'{ht O h~^)a'\fL2\\dl,iht O h~^)a'\\L2^ + \\dl, O /l“^)a/||i2||(/lt O h~^)a'\\L°° 

<c{e,E 2 )El^^ + c{e,E 2 ). 

(4.139) 

For U^^dtUhd^,{ht o ^~^)a', we differentiate (14.1321) and use the product rule and (|B.25I) 
to expand the derivatives, 


dl.Z. 


1 


U^^dtUhdlAht o -2Re{U^^dtUh{^f^) + U^^dtUh{dl,Ztdc,' — )) 

Zj _ Cl' Z 

= ReUi;^dtUh{2d^'[Zt,c.'Mdc.~) - da^,[^Mdl'Zt + d^,[ZtMdl'^Y 

z^ ,Ol' Z r\' Z (x' 


(4.140) 


we then use (lA.llF (IA.12I) . (IA.13I) . (IA.16I) and Holder’s inequality to do the estimates. We 
have 

Wc^^dAJudlihtoh-AAL^ < WuAdtUAlZtWA^lA 

Z ^ol' 

+ \\dl,zA\L4u;;^dtA^\A + Wu-^dtUAl-ZthAdc—WL^ 

+ \\dl,ZAA{\\UA"d^Uud^,^\A + \\do.'A^d^Un^\\A 

Z ry' Z cv' 


+ \\dl,zAA\\ihtoh-A'\A 


~\A + WuAdtUA^'ZtUAdl^^WL^ 

Z r\' Z rv' 


(4.141) 


+ \\dc.'Z4i^A{htohAALAdl^\A + \\ZuALAdl^\A 

Z ^Oi' Z ^(x' 

+ WZt^a'WhAUh ^dtChdl^,— —||i2. 

Z ^cx' 

Now by (IB.18F (IB.16|) . 

Ui^^dtUhdl,^— = dliUAdtUh^ - da'{htoh~4a'da'^ - ‘2.{htoh~4a'd‘i,^ 

z rv' Z Cy' Z ry' Z ry 


(4.142) 
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and 


Uh^dtUh^^ = ^—{{htoh - Da^Zt); 

^ ,Ct' ^ .Ol' 


dl,Ui;^dtUn^ = o h-^, - D^,Zt) 

Zj (y^l ^ ^Ol' 

+ "2.{da'-^){da'{ht o h~^)a' “ da'Da’Zt) + O “ d'i,Da'Zt)\ 

Zj rv' Z (^1 


(4.143) 

(4.144) 


we further expand 


da' Da' Zt — — - d’^iZt + da'~^ - da'Zt, 

Z rv' 


Z, 


and 


Therefore 


dl,Da'Zt = -^dl,Zt + 2da'^dl,Zt + dl,^Zt,a'. 

Z ^ol' Z Qi^i Z Qi' 


\\Ui;^dtUn^h^ < C(£), \\U-^dtUf.dl,^h. < E2 )eI^^ + €{€, E^). (4.145) 

Z ^Cx.' Z (y^' 


By SHI]), 


\\U-^dtUhdl,{htoh-^)a'\\L- <C{^,E2)Ey^ ^C{^,E2). (4.146) 


Stej) 4 - 4 - Conclusion for Ga^a. We expand Ga^a by product rules. Sum up the estimates in 
Steps 4.1-4.3, we have 

J IZ^a'Uif^GsM'^da' <Ci<B,E2)E3 + Ci€,E2). (4.147) 


Step 5. Controlling Ga,o- We estimate ||Z^q,'G^ ^Ga,o||L 2 using similar ideas as that in Step 
4 for Proposition 14.31 By (I4.112|) . we must control ||9^/(^ o h~^){Ztt — ° 

h~^)Ztt,a'\\L^, \\da'i^ O h~'^)dl,Ztt\\L^ and \\{^ o h-^)dl,Ztt\\L^- First by (14.1351) and 
Appendix ICl 

\\{^oh-^)dl,Ztt\\l2 <C{€,E2)E3 + Ci(B,E2). (4.148) 

a 

By (j4.85l) and (|A.3p . 


\\da'{- o h-^)dl,Zu\\l 2 < C{€,E2)E3 + G(0:, A 2 ). 
a 


(4.149) 


By (HU), 


,at 


.'i-oh-^)\\L 2 < \\di,Zt\\M\\Ztt,a'\\L^ + \\nZtt,a'\\L^) + \\di,Ztt\\L4Zt,a'\\L<' 

a 

+ {\\dl,Zth4\Zt,a'\\L^ + \\dl,Zth4Zt,a'\\L^)\\Da'Zt\\L^ 

+ \\da'Zt\\l^\\da'Da'Zt\\L2 + || ( “ O ) II lHI ^a'Ai l^oo 

a 


+ II-IIl<»I|9^'^iIIl- 

a 


so 


therefore 


l|5^'(- o h-4h2 < G(€, E2)eI/^ + G(0:, A 2 ), 

a 


\\dl,{Zoh-4da'Ztt\\l2<C{€,E2)E3 + C{e,E2). 


(4.150) 

(4.151) 

(4.152) 


Now similar to (I4.92|) and (I4.93L we compute Z^a'Uj^ ^[(^t + *a5a), by (IB.28|) 

and have 


Z,a'Uf^ ^[{d'i + iada), 

Zo/ flry 


da' < C{€)E 3 . 


(4.153) 
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Now we begining with (14.1211 for k = 3. After expansion, commuting and precomposing 
with h~^, and using the above estimates, we arrive at 


with 


U-\d^^ + iad^)Uhdl,Zt = {Ztt - o h-^) + ei 


J leipda'< C(€,A2)A3 + C7(€,A2). 


(4.154) 


(4.155) 


Going through similar calculations as in (14.951) to (14.981) . then applying (14.10611 toll = d^,Zt, 
we obtain 


\\{Ztt-i)dl,{^oh-^)\\l.<C{e,E2)E3 + C{e,E2). 

a 


This finishes the proof for Proposition 14.41 


4.3. Completing the proof for Theorem 13.11 


(4.156) 

□ 


Proof. Let s > 4. Let the initial interface Z{-,0) = ^(0), the initial velocity Zt{-,0) = Zt{0) 
be given and satisfy (12.81) and Zt{0) = MZt(fS)] let Ai(0) satisfy (12.1911 and the initial 
acceleration Ztt{0) satisfy (12.101) . Assume Zq'(O) — 1 G L°°(R), Zt{0) G iL'*+^/^(M), and 
Ztt{0) G iL®(R). It is clear that £ 2 ( 0 ) + A 3 (oj < 00 . Assume Z = Z{-,t), for t G [0,T*) is a 
solution of dkSl)-®, such that {Zt, Zu, Z^^'-1) G C{[0,T*),H^+^/^{R)xH^{M.)xH^{R)), 
and T* is the maximum existence time as defined in Theorem 13.11 Assume T* < 00 , 
for otherwise we are done; and assume supjgjp -j^.) £(<) := M < 00 . We want to show 
suPte[o,T*)(ll^tt(t)||ff3 + ||Zt(t)||^3+i/2) < 00 . 

Step 1. Controlling ||Zti(t)||i 2 and ||Zt(f)||i 2 by 0: and the initial data. We start with 
\\Ztt{t)\\L 2 . By a change of the variables. 


^||ZM(t )|||2 = ^ j \zu\^hada = 2Ke J ZuZtttha da + 2 J\ztt\'^^hada; 


we estimate 


\ztt\^-Ph^da< 

tin 


\zumh- 


Switching back to the Riemann mapping variable and using (14.51) gives 
ZttZtttha da — ZiiZfii da 

= —i I ZttA.Ztn' da' - 


a 


(4.157) 

(4.158) 

(4.159) 


Ztt — oh ^ [Z tt — i) da' — I + II 


Replacing A := , we estimate / by 


|h|<Pl||Lo 






\\Ztt\\L2\\Zt,n'\\L- 


In II we estimate —oh 


- 1 1 


lL2 


by (14.611 . where we rewrite Da'Zt ■= -^—Zt^c 


(IA.12|) . (IA.13I) and (IA.16I) yields 


— oh 


L2 


2,a' 


SO 


\II\<m,n^\L4Ztt\\L^ + \\Zt,Ah 


Z n' 




+ !)• 


(4.160) 
Using 

(4.161) 

(4.162) 
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Sum up the above estimates and apply Appendix [Cl we arrive at 
|||^«Wlli=<c(€(t))||Z„(t)||i.+c((£(t)). 

Consequently by Gronwall, 

sup \\Ztt{t)\\L 2 <c{\\Zu{0)\\l 2,M) <oo. (4.163) 

[O.T*) 

Changing to the Lagrangian coordinate, we have 

J \Zt{a',t)\'^ da' = J da, 

so 

^ J \zt\‘^hada = 2Re j ztZtthada + J \ztfha^^da. (4.164) 

Using Cauchy-Schwarz and changing back to the Riemann mapping variable, 

° ^ ^)a'I| l“ Il^t(^)lli 2 ; (4.165) 

therefore 

< cmmz.mh + wzumh, ( 4 . 166 ) 

by Appendix [C] Consequently by Gronwall’s inequality and (14.16311 . 

sup ||Zt(t)||i. <C(||Zt( 0 )|U 2 ,||Z„( 0 )|U 2 ,M) <cx). (4.167) 

te[o,r*) 


Step 2. Controlling ||2'^a'|| l°o. We know 


Z ,oh=^, 

n„ 


and 


so by Appendix O 


therefore 


d 

dt 


= 2 


Re{DaZt - 


_d 

dt 


hn 


<C'(€) 


sup ||^,q'( 0 IIl“ < < 00 - 

te[o,T*) 


(4.168) 


Step 3. Controlling ||Zt(t)||^ 3 +i /2 + \\Ztt{t)\\H^ ■ Taking sup over [0,T*) on (14.171) gives 

(4.169) 


sup E 2 {t) < := M 2 < 00 ; 

tG[0,T*) 

sup £^{1) < (£ 13 ( 0 ) +p 3 (M,M 2 )T*)eP^(^’^^)^* := M 3 < 00 , 

tG[0,T*) 


By (HTTOSD . dSMl), 


sup \\Ztt{t)\\m < sup {\\dl,Zu{t)\\L^ + \\Zu{t)\\L^) < 00 . 

[0,T*) [0,T*) 


(4.170) 


Now by (TOl) . 

\\dl^t\\HV^<\\Z,AL^ 

We know by (14.1161) and Appendix [Cl 


Zj ^ry> Zj ^Ol' 




1 


< C(£)A3, ||9„.^|U2 < C(€); 
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SO using (I4.168|) we have 

sup Wdl^tWmn < < cx) (4.171) 

[0,T*) 

Combine with (I4.167I1 . we have 


sup ||Zt(t)||^3+i/2 < oo. (4.172) 

[o.r*) 

By Proposition 12.31 this brings us a contradiction. This finishes the proof for Theorem 13.II 

□ 


5. The proof of Theorem 13.41 

We prove Theorem 13.41 by mollifying the initial data by the Poisson Kernel and approx¬ 
imating. We denote z' = x' + iy', where x' ,y' G R. f * g is the convolution in the spatial 
variable. 


5.1. The initial data. Let F{z',0) be the initial fluid velocity in the Riemann mapping 
coordinate, 4'(z',0) : P_ —?> 12(0) be the Riemann mapping as given in 113.11 with Z{a’,0) = 
4 /( 0 ', 0) the initial interface. We note that by the assumption 

^ ^i(O) < CX), sup II / . - l||L 2 (R_d„,) < Co < 00 ; 

y '<0 ^ z '[^ 5 y '<0 ^ z '\^ 5 

sup \\F2>{z',Q)\\L^R,dx') < ^l(O) < 00 , sup 11 ^( 2 ;', 0)||L2(R_da;') < Cq < OO, 

y '<0 y '<0 

■^(•,0), F{-,0) can be extended continuously onto P_. We denote their boundary values 
by -^(a^O) and F(a',0). So Z{-,0) = 'L(-,0) is continuous differentiable on the open set 
where ■^(a',0) ^ 0, and ^(a',0) = z^,la',o) ^ 0- By ^(-,0) - 1 G 

F[^(R) and Sobolev embedding, there is iV > 0 sufficiently large, such that for la'I > N, 
|■J^(a',0) — 1| < 1/2, so Z = Z{-,0) is continuous differentiable on (— 00 ,—TV) U (fV, 00 ), 
with \Z,a'{a', 0)1 <2, for all |q;'| > N. Moreover, Z^a>{-, 0) — 1 G H^{{—oo, —N) U {N, cx))}. 


5.2. The mollified data and the approximate solutions. Let e > 0. We take 
Z"(a',0) = 4'(a'-ef,0), Zl{a',0) = F{a' - ei,0), h‘^ia,0) = a, 

F"(z', 0) = F{z' - ei, 0), '^^z', 0) = 4'(z' - ei, 0). 


(5.1) 


Notice that F'^{-,0), 4''^(-,0) are holomorphic on P_, Z'^{0) satisfies (12.81) and zl{0) = 
'BlZ\{0). Let Zl^iQ) be given by (12.1011 . It is clear Z’^(0}, Z^{0) and Z^^{0) satisfy the 
assumption of Theorem 13.II Let Z'^{t) := Z'^{-^t) be the solution as given by Theorem 13.11 
with the homeomorphism h^{t) = : K —>■ R, and z^{a,t) = Z^(h'^{a,t),t). We know 

z^{a,t) = Z^{h'^{a,t),t). Let 


F^{x' + iy', t) = Ky> * Zl {x ', t ), 


'^l,{x' + iy',t) = Ky> * 


Z%.{x',t), 




be the holomorphic functions on P_ with boundary values Z'[{t), Z^^,{t) and Z^{t)-, 


-^[x' Fiy',t) = Ky, * -^{x',t) 

by uniqueness We denote the energy functional S for Z'^{t), Z^it) by £"{1) and the energy 
functional £i for F^{t), 4''^(t) by £{{1). It is clear f'^(O) = £1(0) < fi(0). By Theorem 13.11 
Theorem 12.41 and Proposition 12.51 there exists Tq > 0, Tq depends only on fi(0), such that 


the maximum principle, [Kyi * —) [Kyi * ^(^z) = 1 on P_. 












EXISTENCE OF TWO DIMENSIONAL WATER WAVES WITH ANGLED CRESTS 


31 


on [0,To], the system (I2.9|) - (j2.8l) - (l2.18l) - (j2.19l) has a unique solution satisfying 

{Zl, Zl^, - 1) e C'([0,ro],iJ*+i/2(M) X W{m) x for s > 4, and 

sup £l{t) = sup £'^{t) < M{£i{Q)) < oo. (5.2) 

[O.To] [O.To] 

Moreover by (j2.10ll . (14.1631) and (14.16711 . 

sup {\\Zl{t)\\L^ + \\Zl^{t)\\L^ + II , - 1 ||l 2 ) < c(co,fi(0)), (5.3) 

[O.To] 

so there is a constant Cq := C(co,£i(0)) > 0, such that 

sup {sup \\F%x' + iy '+ sup | L - l||L 2 (R^d^,)} < Co < oo. (5.4) 

[0,To] !/'<0 y'<0 + *2/ Cl 

5.3. Uniformly bounded quantities. We would like to apply some compactness results to 
pass to the limits of the various quantities for the water waves. It is necessary to understand 
the boundedness properties of these quantities. 

Let 6*^ := o = 2 Re Z^ + Re[Z{, IHI](-1) be as given by (12.1811 . By (lA.lSp . 


= 

Using (Oil to rewrite F 


whmwL ^ < wzrnh ^ + ii^tVWiuHi^w - iiu- 

= Re(J — M){Zl^—), differentiating to get 


WAt )\\ L ^ < \\ zUA )\\ LA \^ mL - + \\ zimLAd .'^{ t )\ A - 


,Q;' 




We know satisfies 


Differentiating (15.71) gives 


therefore 


^^h^ = b\h\t)- 

0) = a. 


K{a,G) = l 


g-tsup[(, t] ||f)^,(s)||j;,oo ^ {a,t) = e-^0 . 

Now by (12.1811 . (IB.2411 . with an application of (IA.18I1 and (IA.17I1 . 

\\u^AdtUH^F{t)\\L^ < \\ztA)\\L^ + Wz^mAW^it) - 1IU2 

■^,a' 

+ \\ziAt)\\A\\uAdtUH^^[t)\A + WAt)\\LA^{t) - ilU^); 

^ ,cx.' 

where UAdtUh-zA = ° - D^’Z^) gives 

\\uAdtUH^^{t)\A < W^mLAWAAA + II^WIIl==||^*VWIUO 

^ ^ , a .' ^ , ol ' 

II (2)11^00 < ||■^^(t)||L~(||5a'(0l|L“ + ll-^a'^t (t)||L“) 

,a' ,a' 

and UAdtUh- = dt + Fda' gives 

||5*6^(t)||L~ < \\UAdtU,.F{t)h^ + ||6^(t)||L<»||6^.(t)|U=o. 


(5.5) 

(5.6) 

(5.7) 

(5.8) 

(5.9) 

(5.10) 

(5.11) 


(5.12) 





























32 


SIJUE WU 


Finally, differentiating (14.31) gives + i){DaZ^ + ^), so 

||4,(t)|U^ < WztM+^h^iWDczmh^ + ll|wik~)- (5.13) 

Let M{Si{0)), c(co,fi(0)), Cq be the bounds in (|5.2L (15.31) and (15.41) . By Proposition [^31 
Sobolev embedding, Appendix [C] and (15.111) . the following quantities are uniformly bounded 
with bounds depending only on M{£i(0)), c(co,fi(0)), Cq: 

sup ||4 (<)||loo, sup || 44 (<)||l 2 , sup ||44 <)||l=o, sup || 4 \„,(t)||i 2 , 

[O.To] [O.To] [O.To] [O.To] 

sup Il^(<)lk“. sup \\dc'i^)(t)\\L 2 , sup \\U^.^dtUh^^(t)\\L--; 

[0,To] ^ ,a.' [0,To] [0,To] ^ ,a.' 

and with a change of the variables and (15.9p , (15.131) and Appendix [Cl 
sup lkt(t)||L- + sup ||^L(0 IIl 2 + sup ||Zt4t)||Loo <(7(00,4(0)), 

[O.To] [O.To] [O.To] 

sup ||%(t)||L~ + sup \\da(^){t)\\L 2 + sup ||at%(t)||L~ < (7(co,4(0)), 

[0,To] ^OL [0,To] ^OL [0,To] ^ol 

sup \\ztt{t)\\L^ + sup ||4 „(^)IIt 2 + sup ||z4(t)||L~ < (7(co,4(0)). 

[O.To] [O.To] [O.To] 

Furthermore, by the estimates in (|5.5p - (l5.12|) . using (15.31) (I5.14p and Appendix (Cl the fol¬ 
lowing quantities are uniformly bounded: 

sup ||6"(t)||L=o + sup ||4'(i)llT” + sup ||6t(t)||L~ < (7(co,4(0)) 

[O.To] [O.To] [O.To] 

sup ||4(t)||Loo + sup \\hl{t)U^ < C(co,4(0)) ^ ^ 

[O.To] [O.To] 

In particular, by (15.91) and Appendix (Cl there are Ci, C 2 > 0, depending only on cq and 4(0)) 
such that 

0 < Cl < — ^ < C 2 < oo, Va,/3 G K, t G [0,4]. (5-17) 

a — p 

5.4. Some useful compactness results. Here we give two compactness results that we 
will use to pass to the limits. 

Lemma 5.1. Let {/n} be a sequence of smooth functions on K x [0,T]. Let 1 < p < oo. 
Assume that there is a constant C, independent of n, such that 

sup ||/„(t)||L°° + sup \\dxfn{t)\\LP + sup ||4/n(t)||L°° < <7. (5.18) 

[O.T] [O.T] [O.T] 

Then there is a function f, continuous and bounded on K x [0,T], and a subsequence {/n„ }, 
such that frij —^ / uniformly on compact subsets o/R x [0,T]. 

Lemma 15.11 is an easy consequence of Arzela-Ascoli Theorem, we omit the proof. 

Lemma 5.2. Assume that fn ^ f uniformly on compact subsets o/K x [0,r], and as¬ 
sume there is a constant C, such that sup„ ||/ra||L“(Rx[o,T]) 7 (7. Then Kyi * /„ converges 
uniformly to Kyi * f on compact subsets of P- X [0,T]. 

The proof follows easily by considering the convolution on two sets \x'\ < N, and jx'j > N. 
We omit the proof. 

Definition 5.3. We write 

fn^ f on A 

if fn converge uniformly to / on compact subsets of E. 


(5.14) 


(5.15) 


(5.19) 
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5.5. Passing to the limit. Notice that h'^{a,t) — a = hl{a,s) ds, so 

sup \h''{a,t) -a| < To sup ||/i((t)||L<x. < ToC'(co,£^i(0)) < oo. (5.20) 

Rx[0.To] [0,To] 

By Lemma |5.11 there is a subsequence ej ^0, which we still write as e instead of e^, and 
functions b, h — a, w, u, q := Wt, continuous and bounded on R x [0, Tq], such that 

h‘^ 

^ b, h'^ ^ h, ^ w, — ^ u, onRx[0,To], (5-21) 

z^ 

as e = Cj —>■ 0. Moreover by (15.171) . 

0 < Cl < ~ < C 2 < oo, Va,^ e K, t e [0,To]; (5.22) 

a — p 

hence h{-, t) : M ^ R is a homeomorphism, and 



{h'^) ^ h ^ on R 

X [0,To], as 

€ — Cj ^ 

0. 

(5.23) 

This gives 







woh~^, — 

.a' 

Z^-f ^ Wt 0 h~ 

on 

R X [0, To] 

(5.24) 

cls c = Cj — y 

0. Now 






F%z\t) = Ky,*X, 

z' 

* 


(5.25) 

Let F{z', t) 

= Kyi * (w o h~^){x',t), A{z',t) 

= Kyi * (u O h 

l)(p,t). 

By Lemma 15.21 



F^{z',t) ^ F{z\t), -^(z' 

^ z' 

\t) A{z',t) 

on P_ 

. X [0,To]; 

(5.26) 


as e = ej —>■ 0. Moreover A{-,t) are holomorphic on T_ for each t G [OjTq], and 

continuous on P_ x [0,T]. Furthermore applying the Cauchy integral formula to the first 
limit in (15.261) yields 

Fl,{z',t) => F,,iz',t) on P_ X [0,To]. (5.27) 


as e = Cj —>■ 0. 


Step 1. The limit o/ We consider the limit of as e = —5> 0. We know 

z'^{a,t) = z'^{a,0) + f Zf{a,s)ds 

Jo 

= i1'(q! — ei, 0) + / zl{a,s)ds, 

Jo 


therefore 


Let 


Z%a', t) - Z%a', 0) = t) - ei, 0) - ^'(a' - ei, 0) 


f ,t),s)ds. 

Jo 


(5.28) 


(5.29) 


lF*^(a', t) := di((/i'^) ^{a',t) — ei,0) —'^{a'— ei,0) + f zl{lF) ^{a',t), s) ds. (5.30) 

Jo 

Observe Z^{a',t) — Z^{a',0) is the boundary value of the holomorphic function i[''^(z',t) — 
'L'^(z',0). By (15.211) and (15.231) . J* z^{{h'^)~^{a',t), s) ds —>■ w{h~^{a',t), s) ds uniformly 
on compact subsets of R x [0, Tg], and by (I5.15L f* Zf((h'^)~^(a', t), s) ds is continuous and 
uniformly bounded in T°“(R x [0,To]). By the assumptions lim 2 '_j.o ,0) = 1, di(-,0) is 
continuous on P_ and (15.201) . (I5.23p . 

,t) — e*,0) — '!'(«' — £*,0) 
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is continuous and uniformly bounded in L°°{R x [OjTq]) for 0 < e < 1, and converges 
uniformly on compact subsets of R x [0, To], as e = 0. This giveS 

t) - 0) = Ky, * W%x', t) (5.31) 


and by Lemma lOl 0) converges uniformly on compact subsets of P_ x [0, Tq] 

to a function that is holomorphic on P_ for every t G [0, Tq] and continuous on P_ x [0, Tq]. 
Therefore there is a function '!'(•,<), holomorphic on P_ for every t G [0,To] and continuous 
on P_ X [0,To], such that 

'i’^z', t) ^ t) on P_ X [0, To] (5.32) 


as e = Cj —>■ 0; as a consequence of the Cauchy integral formula, 

{z\ t) ^ {z', t) on P_ X [0, To] (5.33) 

as e = ej —>• 0. Combining with (|5.26|) . we have A{z',t) = -grT^p-yj, so 4'z'(z',t) ^ 0 for all 
{z',t) G P_ X [0,To] and 




on P_ X [0, To] 


(5.34) 


as e = Cj —>■ 0. 

Denote Z{a\t) := 4'(a',t), a' G R, and z{a,t) = Z{h{a,t),t). (15.321) gives Z'^{a',t) ^ 
Z{a',t), and with (15.211) it gives z^{a,t) => z{a,t) on R x [0,To], as e = ej —>■ 0. Moreover 
by (15.281) , ^ 

z{a',t) = z{a',0) + / w{a,s)ds^ 

Jo 

so w = Zt- We denote Zt = Zto h~^. 


Step 2. The limits of 'I'j and Ff. Observe that by (I5.30|) . for fixed e > 0, dtW^^-^t) is a 
bounded function on R x [0, To], so by (I5.31L 'I'j = Ky^ * dtW^ is bounded on P_ x [0, To]. 
However we will not use this to pass to the limit for 'hj, instead, we use (IB.41) . 

By (IB.4|) and the above observation, since is bounded and holomorphic on P_, 

z.' 




(5.35) 


By (15.211) . (15.241) and Lemma lOl converges uniformly on compact subsets of P_ x [0, To] 

to a function that is holomorphic on P_ for each t G [0, To] and continuous on P_ x [0, Tq]. 
By (I5.32|) . (15.331) . we can conclude that 'I' is continuously differentiable and 


onP_x[0,To] 


(5.36) 


as e = 0. 

Now we consider the limit of Ff as e = ^ 0. Since for fixed e > 0, dtZ^ = Zl^ — FZ^^, 

is in L°°(R X fO.Tnlb bv (lOdl) . 

Ffiz', t) = Ky, * dX = Ky, * X, - bXX- (5-37) 

By Lemma [221 Ky, * Z^^ converges uniformly on compact subsets of P_ x [0,To]. With a 
change of variables 

Ky'*ibXX = ^ j ^))2 + y,2 ° XtM, t) da. (5.38) 

Because (|5.21l) : z^ —>■ Zt, zl^ —>■ Ztt uniform on compact subsets of R x [0,To], and (15.141) : 
suP[ 0 ,To] ll^taWIU^ < (7(00, fi(0)), supfo^j.^] ||z|t„(t)||L 2 < (C(co, £i (0)) , Zto, Ztta exist in 


^^Because and t) := ~ continuous and bounded on R, 

- 'P',(2'-0) = Ky, * {d^,W^)(x',t) = d,,Ky, * W^(x',t). 
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L^(R) for each t € [0,To], with supfo^r^j \\ztait)\\L 2 < C{co,£i{0)), sup[o_To] ||•^t^a(^)llL 2 < 
C(co,fi(0)), and by (15.211) . (I5.20p and Kyi * converges point-wise on P_ x [0,To] 

to the continuous function 


as e = ej 


zi [ y' 

TT J {x' - h(a,t)Y -I- y'2 

—>■ 0 and by l|5.14L (15.161) . 


b o h{a, t)zta{pi, t) da 


sup < (1 + I /2 )C(co,gi(0))- 

[o,To] \y I ' 


Therefore F is continuously differentiable with respect to t, with supjo^To] \Wt{z'^ i)||L“(R,dx') < 
(1 + jyyT 72 )C'(co,fi( 0 )) and 

F^{z',t) ^ Ft{z',t), as e = Cj —j> 0 (5.39) 


point-wise on P_ x [0,To]. 


Step 3. The limit of 3^'^. By the calculation in ( 12.31 we know — i) is the boundary 

value of the function 'i’liFf — -|- F'^F^i — i'i'li on dP-. Since '^t^iFf — '^tlFf, — Wl, 

is holomorphic and F F^, = dzi{F F*^), where d^i = ^{dx' — idyi), there is a real valued 


function such that 

n,Ff - + F^Ff, - = -{dxi - idyi)3p^, in P_; (5.40) 

and by Z^^{Z^^ — i) = iA\^ which is pure imaginary, we know 

= constant, on 9P_. (5.41) 

Without loss of generality we take the constant = 0. We now explore a few other properties 
of Moving F’^F^, = dz'{F'^F'^) to the right of (15.401) gives 

^Pl,Ff-^^>tF^,,-^^Sl, = -i^xl-^^y,)i3p^ + ^\F^\% inP_; (5.42) 

Applying {dx' + idyi) = 2dz' to (15.421) yields 

-A(^^ + i|F^n=0, inP_. (5.43) 

So fp*^ 4- is a harmonic function on P_ with boundary value ^\Zl\'^. On the other 

hand, it is easy to check that limy/_>_oo(T|,F/ — 'i’fFf, — i'^\i) = —i. Therefore 

r(Z,t) = -\\F^{z',t)\^ - y + Uy, * m^){x\t). (5.44) 

By (I5.26|l , (15.241) and Lemma 15.21 

3p^{z',t)^-^\F{z',t)f-y+^Ky,*{\Zt\^){x',t), onP_x[0,To] (5.45) 
as e = Cj —>■ 0. We write 

*P := -l\Fiz\ t)\^-y+ ^Ky, * {\Zt\^){x', t). 

fp is continuous on P_ x [0,Po] with fp G C([0,To], C°°(P-)), and 

*P = 0, onaP_. (5.46) 


Moreover, since Kyi * (\Z^\'^){x',t) is harmonic on P_, by interior derivative estimate for 
harmonic functions and by (j5.261) . 


as e = Cj —>■ 0. 


{dx! - idyi)3P'' => {dx! - idyi)3p 


on P_ X [0,Po] 


(5.47) 
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Step 4- Conclusion. We now sum up Steps 1-3. We have shown that there are functions 
'!'(•, t) and holomorphic on P- for each fixed t G [OjTq], continuous on P_ x [0,To], 

and continuous differentiable on P_ x [0,To], with continuous on P_ x [0,To], such 

that —>■ 'h, ->■ ^ F uniform on compact subsets of P- x [0,To], ^ 

'I'J, —>• F^, —>• ib;/ uniform on compact subsets of P- x [0,To], and F/ Ft point- 

wise on P_ X [0,To], as e = ej 0. We have also shown there is tp, continuous on 
P_ X [0,To] with = 0 on dP- and {dx' — idy')'^ continuous on P_ x [0,To], such that 
{dx' — —>■ {dx' — idy')^ uniformly on compact subsets of P_ x [0, Pq]) as e = ej —>■ 0. 

Let e = Cj — 0 in equation (15.401) . we have 

^,,Ft - ^tF,' +FF,, - = -{dx' - idy')^, on P_ x [0,Po]. (5.48) 

This shows 4', P is a generalized solution of the water wave equation in the sense given in 
>12.31 Furthermore because of (15.2p . (15.4|) . letting e = ^ 0 gives 

sup £i{t) < M{£i{0)) < oo. (5.49) 

[O.To] 

and 

sup {sup ||P(a:' -b *2/', t)||L2(R ^x') + sup || - l||L2(R,dx')} < Co < oo. (5.50) 

[O.To] y'<Q y'<Q 'i’z'{x'+ ly', t) 

5.6. The invertability of 'L(-,t). If in addition Y,{t) = \Z = '^{a',t) := Z{a',t) | a' G R} 
is a Jordan curve, then because lim|c/|_>oo '^z'{<x', t) = the domain Ct{t) bounded above 
by E(t) is winded by S(t) exactly once. By the argument principle, 4'(-,t) : P- —5^ £l{t) is 
one-to-one and onto, 'L“^(-,t) : Vl{t) —5> P_ exists and is holomorphic. By the chain rule, it 
is easy to check (j5.48l) is equivalent to 

(P o 4>“^)t-b P o 4>“^(P oj = —(9x — *9y)(tp o'L“^), on n(t). (5.51) 

This is the Euler equation, the first equation of (11.11) in complex form. Let v = P o 4/“^, 
P = *P o 4/“^. Then (v, P) is a solution of the water wave equation (11.11) in £l{t), with fluid 
interface E(t) : Z = Z{a',t), a' G M. 


5.7. The chord-arc interfaces. Now assume at time t = 0, the interface Z = 4>(q;',0) := 
Z{a', 0), a' G R is chord-arc, that is, there is 0 < J < 1, such that 
rP' rP' 

5 \Z^a'{l,0)\d'y <\Z{a',0) - Z{P',0)\ < |Z„/(7,0)| dy, V - oo < a'< ^'< oo. 

J oc' J Ot' 

We want to show there is Pi > 0, depending only on £i (0), such that for t G [0, min{Po, ^}], 
the interface Z = Z{a',t) := 4'(a',t) remains chord-arc. We begin with 


''{a,t) + z''{d,t) + z''{a,0) - z''{f3,0) = [ [ Zt^{"f, s) dj ds 

Jo Ja 


for a < /3. Because 


by Gronwall, for t G [0,Po], 


= 2|4pReP„2:t 




(5.52) 

(5.53) 

(5.54) 


so 


\zl^{a,t)\ < |4(a,0)||P„z{(a,t)|e^‘l^° 


I dr . 


by Appendix [Cl (15.21) and Proposition [5^ 


sup kL(a,<)| < |z^(a,0)|C(£:i(0)). 

[O.To] 


(5.55) 

(5.56) 


a similar argument as in ani 
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therefore for t S [0,To], 


/ / \zLh^ s)\djds <tC f 14(7,0)1^7 

J 0 J oc J a. 


(5.57) 


Now 2 ;'^(q!,0) = Z'^{a,0) = 'Ii(a — ei,0). Because Za'(',0) € L;^q^(R), and Za'(',0) — 1 G 
i7^(R \ [—N, iV]) for some large iV, 

rd 

|^'z'(7-e*,0)|c^7 < / l^.a'(7,0)|c^7 (5-58) 

J a 

Let e = Cj —!> 0 in (15.521) . We get, for t G [0,Tq], 



rP 

\\z{a,t) - z{f3,t)\ - \Z{a,0) - Z{P,0)\\ <tCi£,iO)) / |Z„-(7,0)|d7 (5.59) 

J a. 

hence for all a < /3 and 0 < t < min{To, 2 C(£i(o)) 

1 

J \Z^a'{'l,0)\dj <\z{a,t) - z{l3,t)\ <2 J |4„.(7,0)|d7 (5.60) 

This show that for < t < min{To, 2 C(Si(o)) i® absolute continuous on compact 

intervals of R, with Za{-,t) G and is chord-arc. So E(t) = {z{a,t) | a G R} is 

Jordan. This finishes the proof of Theorem 13.41 


Appendix A. Basic analysis preparations 


Let n C C be a domain with boundary S : 2 ; = z{a), a € I, oriented clockwise. Let Sj be 
the Hilbert transform associated to H: 

ij/(a) = — pv. / f [13) did (A.l) 

m J z{a) - z[p) 

We have the following characterization of the trace of a holomorphic function on H. 

Proposition A.l. |19] a. Let g £ for some 1 < p < 00 . Then g is the boundary value 
of a holomorphic function G on fl with G(z) 0 at infinity if and only if 

(/-ii)g = 0. (A.2) 

b. Let f £ LP for some 1 < p < 00 . Then F^f ■= |(7 + ^)f is the boundary value of a 

holomorphic function © on VL, with ©( 2 ) —^ 0 as \z\ 00 . 

c. ijl = 0. 


Observe that Proposition lA.il gives = / in L^. 

We next present the basic estimates we will rely on for this paper. We start with the 
Sobolev inequality. 


Proposition A.2 (Sobolev inequality). Let f £ Cq(R). Then 

WfWl^ <2\\f\\M\L^ 

Proposition A.3 (Hardy’s Inequality). Let f £ C'^(R), with f £ L^{ 
G > 0 independent of f such that for any cc G R, 

^ (/(4 -/(y))^ 


-dy 


<c\\rrL.. 


Let 


J {x- yf 

]H/(a;) = —pv. [ -^—f{y) dy. 
m J x-y 


(A.3) 

Then there exists 

(A.4) 
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be the Hilbert transform associated with P_. Let / : R ^ C be a function in we note 

that 

11/11^1/2 =y iWa;f{x)J{x)dx = ^ JJ (A.5) 

We have the following result on functions. 


Proposition A.4. Let C'^(M). Then 

\\9\\mf2<\\f-^L^{\\fg\\HU2 + \\f\\L49\\L^)- 


(A.6) 


The proof is straightforward from the definition of and the Hardy’s inequality. We 
omit the details. 

Let Ai € i = 1,... m. Define 

n^^,(A(x) - A,(y)) 


Ci(Ai,...,Am,f)(x) = P^J 


{x - y)'^+^ 


-fiv) dy. 


(A.7) 


Proposition A.5. There exist constants ci > 0, C 2 > 0, such that 
1. For any f ^ L'^, ^ 7^°°, 1 < i < m, 

||Ci(Ai, ..., A^, /)|U2 < ci||A;|U~ . .. WA'JUAlfh^- (A.S) 

2. For any f G L°°, A' G L°“, 2 < i < m, A^ G , 

||C'i(Ai, ...,a„,/)|U2 < c2||a;iu2||a'| u=o... WJUAlfh^- (a.9) 


(IA.81) is a result of Coifman, McIntosh and Meyer [T^. (IA.9I) is a consequence of the Tb 
Theorem, a proof is given in |32| . 

Let Ai satisfies the same assumptions as in (IA.7I) . Define 


C 2 {A,f){x) = 


We have the following inequalities. 


nz,{A{x) - A{y)) 
{x - yA 


dyfiv) dy. 


(A.IO) 


Proposition A. 6 . There exist constants C 3 , C 4 and C 5 , such that 

1. For any f G A' G L°“, 1 < f < m, 

I|C2(a,/)|U2 <c3||a;iu=....||a;,IU<.||/IU2. (a.ii) 

2 . For any f G L°°, A' G L°°, 2 < i < m, A'j^ G L^, 

I|C2(a,/)|U2 <c4||a;iu2||a'|u=»...||a;,IU=»II/IU~. (a.i2) 

3 . For any f G L^, Ai G A' G L°“, 2<i<m, 

r2(A,/)|U2 <c5||Ai|u^I|a'|Uo....||a;,IU^II/'IU2. (a.is) 


Using integration by parts, the operator C 2 (A,/) can be easily converted into a sum of 
operators of the form C'i(A,/). (lA.llI) and (IA.12I) follow from (IA.8I) and (IA.9I) . To get 
(IA.13I) . we rewrite C 2 (A,/) as the difference of the two terms AiC'i(A 2 ,..., A^,/') and 
Ci(A 2 , ..., Ara, Aif) and apply (IA.8I) to each term. 

Proposition A.7. There exists a constant C > 0 such that for any f,g € C'^(M) with 
f G and g' G 

||[/,H]g||^. <C||/||^,/.||g||^. (A.14) 

||[/,H]a«-g||^. <C||/'||^.|| 5 ||^i /2 (A.15) 

(IA.14I1 is straightforward by Cauchy-Schwarz and the definition of (IA.15P follows 

from integration by parts, then Cauchy-Schwarz, Hardy’s inequality, the definition of 
and (IA.14I) . 

Recall [/, 5 ;/i] as given in (12.11) . 
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Proposition A.8. There exists a constant C > 0 such that for any f,g G C^(R) with 
f',g' G and h G Lf, 

<C\\f'\\^.\\9'\\LA\h\\L.-, (A.16) 

||[/,g;/i]||^^ <C||/'||^.||g'||^<.||/i||^.. (A.17) 

(IA.16I) follows directly from Cauchy-Schwarz, Hardy’s inequality and Fubini Theorem; 

(IA.17I1 follows from Cauchy-Schwarz, Hardy’s inequality and the mean value Theorem. 

Proposition A. 9. There exists a constant C > 0 such that for any f G with f G 

9 € 

||[/,H]5|U <C||/'||^.||g||^.. (A.18) 

(jA.1811 is straightforward from Cauchy-Schwarz and Hardy’s inequality. 

Proposition A. 10. There exists a constant C > 0 such that for any f,g € C'^(R) with 
f',g' G Lf, and h G 

\\d^,[f, [gMML^ < II/'IIl= \\9'\\l^ \\hh2. (A.19) 

Taking derivative under the integral [/, (IA.19I) directly follows from (IA.16I) and 

(TOSl) . 


Appendix B. Identities 


B.l. Basic identities. Here we derive a few basic identities from the system (EHi-diii), 
without assuming Z = Z{-,t) being non-self-intersecting. Theses identities provide an alter¬ 
native way of deriving the quasi-linearization of the system in this more general 

context, they also show that the argument in |21) can be modified, so that the a priori 
estimate of [21] and the characterization of the energy in §10 of [21] hold for solutions of 
the system (jUD-iES without the non-self-intersecting requirement. 

Let Z = Z{-,t) be sufficiently regulai0 and satisfy (I2.9I) - (I2.8I) : 

{ Ztt + i = iA.Z^ct', 

Zt = nzt, (B.l) 

-1=H(Z„,-1), ^_l=H(^-l); 

where Z and Zt are related through (EH), Ell): 

z{a,t) = Z{h{a,t),t), Zt{a,t) = Zt{h{a,t),t) (B.2) 


for some (sufficiently regular) homeomorphism h{-,t) : R ^ K. Let aha ■= A oh, Ai := 
Precomposing the first equation of (IB.II) with h gives (12.31) : 


ztt + i = iaza (B.3) 

We first show that (12.181) can be derived from (IB.II) and (IB.2p . Let be a holomorphic 
function on P_, continuously differentiable on P_, such that 

^(a',t) = Z(a',t), 'I' 2 >(a',t) = Z^a'(a',t). 


Therefore z(a, <) = 'l^(h(a,t),t) and by the chain rule, Zt = 'I'toh + ht'ltz'oh. Precomposing 
with h~^ then gives 

Zt = 'i't Z^a'ht oh 

dividing by Z^a' yields 


htoh ^{a',t) 


Ztja'A) 

Z^a'{0i',t) 



(B.4) 


:^^Here we do not specify what precisely ’’sufficiently regular” means, but assume it is enough so that 
the calculations make sense. 
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Notice that is a holomorphic function on P_. By Proposition lA.li applying (/ — H) to 
(El then taking the real parts and using the second and third equations of (|B.l|) to rewrite 
into the commutator gives (I2.18I1 . Conversely, if h satisfies (12.1811 for a function Z satisfying 
the second and third equations of (IB.lll . then expanding the commutator yields 


htoh-^ =Re(/-H)(- 


= ^ + + (B.5) 

' Z/ Q,/ Z ^ ^ ,ol' 


By Proposition I A. 11 i(/ + ]HI)(^i-boundary value of a holomorphic function 

on P_, tending to zero at the spatial infinity. 

In what follows we use the following notations. We write Ui = U 2 , if (/—Ill)([/i — 1 / 2 ) = 0; 
that is if Ui — U 2 is the boundary value of a holomorphic function on P_ that tends to zero 
at infinity. 

Assume Z satisfies the second and third equations of (IB.1|) and h satisfies H2.18|) . so (IB.Sp 
holds. 


Proposition B.l. Let U{-,t) : K ^ C 6e sufficiently regular, and u = U o h. Assume 
U = 0. We have 1. 

ut o h~^ = ZtDa'U- (B.6) 

2 . 

Uttoh-^ = ZttDo,>U + 2ZtD^,{utoh-^ - ZtDo,>U) + ZfDl,U. (B.7) 

3. 

Uif^utt + tadc^u) = 2ZttD^,U + 2ZtD^,{ut o h-^ - ZtD^,U) + ZfDl,U. (B.8) 
Proof. Applying the chain rule to u = U o h and precompose with h~^ gives 

ut o h~^ = dtU + da’Uht o h~^. 


Observe that U = 0 gives dtU = 0 and da’U = 0. (IB.61) follows from (IB. 51) and the fact that 
product of holomorphic functions is holomorphic. 

Now we apply (IB.61) to Ut o h~^ — ZtDa'U. This gives 

U~^dt{ut - ZtDaU) = ZtDa'{ut O h~^ - ZtDa'U). (B.9) 

Expanding the left hand side by the product rule, and observe that dtDaU = Daiut — 

ZtDaU) + ZfDaU, SO 

ZfD aU) — Utt ZttD aU ZtdtD aU 

— Utt ZttDaU ZtDaiut ZtDaU) D^U. 


Precomposing with h ^ and substituting in (IB.91) gives (|B.7ll . 

(|B.8|) follows from (IB.7P and the fact that iadaU = {ztt + i)DaU and Da’U = 0. 


□ 


Now assume Z satisfies E 30. Applying (|B.6D to Zt gives Zu = ZtDa'Zt- Following 
the rest of the argument in section 2.2.1 of [3S] gives (12.191) . Similarly, applying (IB.8|) to Zt 
and following the rest of the argument in section 2.2.3 of [35] gives 

-Im(2[Zt,H]Ztt,a- +2[Ztt,H]5«.Zt - [Zt,Zt,Da'Zt]) 


at 


where 


I h ^ = 


[Zt, Zt; Da'Zt] —: 

TTl 


Ai 

(Zt{a',t) - Zt{P',t)f 


■Dp,Zt{l3',t)dp' 


(B.IO) 


(B.ll) 


(a' - /3')^ 

For the periodic case studied in [21] , the same computations above and Proposition IB. II 
hold, and the corresponding equations for (12.181) . (12.191) . (IB.101) can be derived without 


^^Here Z = need not be non-self-intersecting. 
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the non-self-intersecting assumption. The periodic version of Proposition IB.ll shows that 
the argument in [2T] can be modified so that the a priori estimate, Theorem 2 of [2T] and 
the characterization of the energy in §10 of m hold more generally without the non-self- 
intersecting assumption. Proposition IB.ll and a small modification of the argument in m 
show that a similar a priori estimate and a similar characterization of the energy as in m 
hold in the whole line case for solutions of (j2.9l) - (j2.8|) . 


B.2. Commutator identities. We include here for reference the various commutator iden¬ 
tities that are necessary. The first set: (IB.12ll - (IB.15p has already appeared in [2T] . 

[dt,D^] = -iD^Zt)D^-, (B.12) 

[du Dl] = -2{D^zt)Dl - {Dlzt)D^- (B.13) 

= { — DciZtt)Da + 2[DaZt)‘^ Da — 2[DaZt)Dadt] (B.14) 

[dj -f iada, Da] = {-2DaZtt)Da - 2{DaZt)dtDa. (B.15) 

We need some additional commutator identities. In general for operators A, B and C, 


[A,BC'^] = [A,B]C'^ + B[A,C'^] = [A,B]C'^ +J2bC^~^[A,C]C' 


k—i 


We note that for / = /(•,<), Uhda'Uf^-if = ^f- So 

[dt, ^]f = = -Uh{{ht o h-^)a'da'Uh-if}; 

/ CiQi I I tf-y 

[U^^dtUh,da']g = U^^[dt, = -{ht o h~^)a'da'g. 

tlfy 


Applying (IB.161) yields 


da\2 


OuCf) 

I 0, 


f) f) f) f) 

= -2Uh{{ht o h-^)a'dl,Uh~if} - Uh{dl,{ht O h-^)da'Uh-if}; 


dl^ f = dt[du^]f + [du^]dtf 


ho 


= -dtUhiiht O h-%,da'Uh-if} - UPiht O h-%,da'Uh-ift}- 


(B.16) 

(B.17) 

(B.18) 

(B.19) 

(B.20) 


To calculate [iada, f^]/j we use the definition Aoh\= aha, and iada := iAo h^. We have 


[iada, ^]f = [iA o h^, ^]f = -iUh{Aa'da'Uh~^f}. 

I v(y I Lfy I L/y 


Adding (IB.20p and (IB.211) . we conclude that 

9, 


dt +iada,P- 


f = -dtUhiihtO h Aa'da'Uh-if} -UhiihtOh )a'da'Uh-l ft} 

-iUh{Aa'da>Ut,-lf}. 


(B.21) 


(B.22) 


We note that UPdtUh = dt + bda' where b := ht oh Therefore 

[UpdtUh,^ = [ht o h-\m]da' (B.23) 

A straightforward differentiation gives 

UpdtUh[f,'^]g = [UpdtUhf,'^]g 

+ [f,^]{UpdtUhg + {htoh~^)a'g) - [/, htoh~^-,g\-, 


(B.24) 
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with an application of (|B.18I) yields 

U-^dtUh[f,M\d^,g = [U-^dtUhf,W\d^,g 

+ [f,W\d^,U;;^dtUhg - [f,hto h-^-d^,g]. 

The following commutators are straightforward from the product rule. We have 

= -{Ui;^dt{^)}f = -z^^,{D^,Zt - {ht o h-i)„o/; 

iIq, 


(B.25) 


(B.26) 


[du —]f = dt{—)f = —{Uhiht o - D^zt)f; (B.27) 

^ot 

by iaza = Ztt + i (ESJ, 

[iada, —]/ = [{ztt + i)Da, —]/ = {zu + i)Da{—)f; (B.28) 

Za Za Za 

by (IB.161) . (IB.271) . (IB.281) and the product rule, 

[d^ + iada, —]/ = 2—{Uh{ht o h~^)a, - DaZt)ft + —{Uh{ht o h~^)a' - D^Ziff 

Zca Zq/^ Zoi 

+ —{dtUh{ht O h~^)a' - dtDaZt)f + {ztt +i)Da{ — )f- 

Za ^Za' 

(B.29) 


Appendix C. Main quantities controlled by (S 

We list here the various quantities that we have shown in are controlled by polypro- 
mials of £(t). El 


Da'ZttWi^o. , 11^2 I 11^2 i \\^a'Zt\\[^2 i \\Z^adtDaZt\\ 1^2 

1 


-Da'Zt 


^ ,cx' 

Z tt,a' 


, , \\Da' ZttWi^aa , , \\Da'Zt\ 


lL2 ’ 


Hl/2 


\Zt,a'\\^ 2 , / \DaZt\ —, / \DaZtt\ 


L°° ’ 


|2 da 

a 


i 2 da 

o 


1 


2 ,a' 


\\Ztt + *11^00 , ||Ai||^oo ; 

(C.l) 


a \\l°° 

d I — 

Ua' z 


I All! 

I A IIl“’ 


L2 


(/ + M.)Da'Zt 

D / — 

5a'P a 7 


L“’ 

{Ztt + 05a' 

Pa (Zi5a'^) 


In addition from (179), (186) of |21) . 

||L>a'(ht o h~^)c 


IL2 


<C{<£). 


^®The same proof for the symmetric periodic setting in m applies to the whole line setting. We leave 
it to the reader to check the details. 
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